Prof. Jong-Han Kim, Inha University 2021.4.20.

ASE2030 Linear Algebra and Statistics: Midterm exam (3 problems)

AR AZF A, ohgo] 'sHg ol A A (Honor Code) = &2 ul 2o A1 AH3IA L.
‘e A Ade] 88 A Aokt
“By signing this pledge, I promise to adhere to exam requirements and
maintain the highest level of ethical principles during the exam period.”

1) Operations around a plane (12 points). th-2 11} Zo] LS A nZg F
Aol oF e, I YA} =25t 3717} 121 normal vector v2 (||vH =1) 53¢
G olok. 2= A B Slof oA erS Ml wo el B EASKA,
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a) WY Pol OJgF A4t Paos WH 205 o]t & o FA71EA), $10] 1ge] slize]
B3kalA AEHA L (3pts).

Solution. & v’z 209] VT JEOIER, Pro zoollA BRI =25
o] 4R-g AAT Briael W B ATR, Prol BUA] RE A
2o}t 7 717k Aol W, o]# gt WlE PxoE FW vo]l tet 202] projection
ot 32
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b) PF PR A 95|+ linear dynamical system, z; 11 = Pz ti3l] 271 2] zo7} 919
T} o] FoR e o, o]F9 trajectory?] x1, 22, 73,... = AHE A=}
5, rp (ke AAS) 17T (3pts)?

Solution. z; = Pxgof|A o]|n] v}f AEo] Al7AEgerng, BE £ =23,...
of thsl] xy, = x; = Pxo7} HAot. E7H,
P? = (I —vo") (I —voT) =T — 200" + vvTvo?
=1 20" + vl =T—w? =P

olmg, ZAL kol thal] P¥ = P7} Eo] x, = Prry = ProdS 1% =
011-4-
L.

) B Rl AT At Ry WM 0 o2 SIBAIEA, S1e] 2l e
ShsbA AR aEA 2. (3pts).

Solution. Rzt zoolA —vvlzeE F W wj &= W o|ng, Roj olgjA zoE
Yo s A<l W &2 o] =t HE Rrgs, B vofl tigt 202 reflection
ol} & % 9ok,

T
—2vv* 1

Rz = x9 — 2vvT x5

d) 3 RE A &% linear dynamical system, x;y1 = R0l Of], &
—.4_4 P} o] FojHS o, o]F 9] trajectoryQl x1,x9,23,...= AJTUE AL}
=71 &, ape (b AdS) FAUA7E (3pts)?

Solution. ;& oS FH HI|Z A0 2 7|7, o= 212 THA] HHH o
A2 §7182 1, = o7} Hek. = A% ko] o9 0 = o7} HL, 5 kel
ol = x10] Hok b)oflAet vt o R, R? = [U-g Ho|1, k7t &%
Aduf RF =1, k7t &Y ] RF = R‘?J% ?_ﬁa T ek

I — 400" + 40T v0™
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=T — 4o +dw@Top’ =T
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2) PQ factorization (10 points). Linearly independent$t rowS=2 A5 §H A € R™*"

2 Azteiat BE A0 rowSE af,...,al 2 RATT
aj
A=
ak

a)

oje} &2 FH A= P that Eo] A= PRz ZdiE 4 =, 91714 P AA
Z+4 lower triangular Y o]H, Q= orthonormaldt rowE =2 FA = o] it}
i a
A=PQ :
P I

FE Qo] Bt 54 Foll tsl 2gstAlL (2pts).

Solution. Q= ASh 21717} 20w, A7} BA2HY EL wideshE 2, Q= T2th
Q2] rowE9] orthonormalst2 2 Q7 7} orthogonalsty QQT = I7} Ht}.

B Pot QO] YEL olFA A

= 4 QA (29 AYR S2) cleid
FRE0] 1SS ALY 5 92

Pz FAH oz AYSHAIL (4 pts).

_4

Solution. A" 9] columnE9] linearly independentslE 2, AT9] QR factoriza-
tiong Fof Pt Q2 & 4 gtk AT QR factorsE Q9 Rola} 514 (Q&

orthogonal, R square upper triangular),

AT = QR
F -2 transposes}o RTQTE A& 4= 91, R} QREE BAo| A 9P
P=RT, Q=QT2 #& 5 9l
A RE rowsE2 g3t HE 9} PO BE rowES ¢S HEHE, A9e Az th2
ATt Aols T-5& HolA L. F, th2-2 HOJA|Q (4 pts).

lar +ag + -+ amll = llp1 +p2 + -+ Pl

Solution. AT¢} PT9] Gram matrix® 2tz G, He} 614, G = HIL &
o]r,]-.

N

G = AAT = PQQTPT = P(QQ")PT =PPT = H

a#d| Gij = al'a;019, Hy; = pl'p;jol B& . $]o] PA A BE 4, jofl thall af a;
pip;de g 4 Qe 12 BE o A2S it

m m m m

lar +az + -+ +an|® = ZZ(L a; —ZZplij

i=1j=1 i=1 j=1
=|p1+p2+- +pml?




Prof. Jong-Han Kim, Inha University 2021.4.20.

3) Orthogonality of sets (8 points). -2 212 MEEZ FAH F A v} Yo o5
2t2ke) ol A Qe)e] UaES 2
eh wete] okt ol BT
X LYy
Z, oo x € X9k Y4oJo] y € Yol tell » L yolH (a7y = 00]H) X L yojct.

O] A, linearly dependent3t columnE2 FAE P&H A € R™*"Q} 1o e}t Ao &+=
29| &= A3, range®} nullspaces AJZtsAt.

range(A) = {Az | z € R"}
null(A) = {z | Az = 0}

a) A°] mullspacel= R§H] W& 942 7147 982 AL (3 pts).

Solution. A9] linearly dependent$t columns-g ay,...,a,°]2}t 514,

Bia1 + Paaz + - -+ Bran, =0

& wEsH= 00] obd B = (B1, s, ..., Ba)0] AL, $19] BAL A8 = 09
& SPISEg 5 ¢ (Aol o] pol Pelel scalur B Fa & — o A
AR = Acﬂ = cAﬂ = 08 WESIEE B € null(A)o]th. =, null(4A)= 7453

b) AT 2] range®?} A9] nullspace’} $=2]191-S Ho|A| Q. = Th2-S HO|A|Q (5 pts).

range(AT) L null(A)

Solution. 92]9] x € range(AT)&} y € null(A)E ABZteA;. 28 H 2 = AT S
REEALE - € Rmol ZAJakv], Ay — 00]ch. 29} 4] inner product A H T,

Ty = (AT2)Ty = 2T Ay = 2T (Ay) = 270 =0

9} y= A YL & 5 9lom 2 range(AT) L null(A4)o]t}.




