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ASE6029 Linear optimal control: Homework #3

1) LQR with affine dynamics. Suppose Q0, . . . , QN ≥ 0, R0, . . . , RN−1 > 0, and con-
sider the following linear quadratic regulator design problem under affine dynamical
constraints with A, B, and b.

minimize
u0,...,uN−1

N−1∑
k=0

(
xT
kQkxk + uT

kRkuk

)
+ xT

NQNxN

subject to xk+1 = Axk +Buk + b, ∀k ∈ {0, . . . , N − 1}

Show that the optimal solution is affine in x and is explicitly given by

uk = Kkxk + lk

where the control gains are given by

Kk = −
(
BTPk+1B +Rk

)−1
BTPk+1A

lk = −
(
BTPk+1B +Rk

)−1
BT (Pk+1b+ qk+1)

with
Pk = Qk +ATPk+1A−ATPk+1B

(
BTPk+1B +Rk

)−1
BTPk+1A

qk = (A+BKk)
T
(Pk+1b+ qk+1)

computed by backward recursion from PN = QN and qN = 0.

Hint: Assume that the value function at step k is quadratic with

Vk(z) = zTPkz + 2qTk z + rk

=

[
z
1

]T [
Pk qk
qTk rk

] [
z
1

]
.
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