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ASE6029 Linear optimal control: Homework #2

1) A system with mixed eigenvalues. Consider a linear dynamical system ẋ = Ax with
x ∈ Rn where A is diagonalizable and has mixed eigenvalues such that

ℜλ1 < 0, . . . ,ℜλs < 0,

for some s < n and
ℜλs+1 ≥ 0, . . . ,ℜλn ≥ 0.

Let vi and wi be the (right) eigenvector and the left eigenvector associated with the
i-th eigenvalue, λi, that is,

Avi = λivi and wT
i A = λiw

T
i .

a) Show that x(t) for an arbitrary initial state x(0) is given by:

x(t) =

n∑
i=1

eλitviw
T
i x(0)

b) Show that x(t) → 0 as t → ∞ if

wT
i x(0) = 0, for i = s+ 1, . . . , n.

c) Show that the above condition is equivalent to the following.

x(0) ∈ span{v1, . . . , vs}.

In other words, x(t) → 0 as t → ∞ in this case.

2) Shift matrix. Consider the n× n upper shift matrix,

N =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
0 0 0 · · · 0


with

J = λI +N =


λ 1 0 · · · 0
0 λ 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
0 0 0 · · · λ

 .

a) Find etN .

b) Find etJ . Hint: Note that λI and N commute.
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