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s(s+2)(s+3)+K(s+1)=0 (7-26)

K=0Y o o] WEAC A 7H2] 22 s =0, —22 —30i| UCk K| 7|7t FEHHOIH 0] LFEAI A 7Hel 2

2 5= —1,9 <0 UCt s BRHOIN PBIH= Ho| /HEOR MSH= 20| FESICH RS s BHS faAZ

JiKl= Fof OfF E2 REOR 2 4 Qlrt o|uf s WY R3th= P2|7t ZTSH 70| HyH
Al (7-26)9] YHS KE ZBIGIX| Y2 O L0 TH 122 Yeth

K(s+1)

Io
rot
o
A=]
rhn
n

L+ GOHE) =1+ 33y (7-27)
o] Al
 K(s+1)
GWHS) = 513 (7-28)
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Figure E-7 Root loci of s(s + 3)(s” + 25 + 2) + K = 0 to illustrate the angles of departure or arrival.
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e Toolbox 7-3-1

$%Toolbox 7-3-1
o1 7-3 2 9|3t MaTLAR B H
num = [1 1];

den = conv ([l 0], [1 21);

den conv (den, [1 31);

mysys = tf(num, den);

rlocus (mysys) ;

title ('Root loci for equation 7.27");
axis([-3 0 -8 871);

[k, poles]=rlocfind(mysys);

$rlocfind command in MATLAB can choose
%the desired poles on the locus

Imaginary Axis (seconds’)

Root loci for equation 7.27

:
-2.5 -2 -1.5 -1

Real Axis (seconds™')

-0.5
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[E 7-1] 1+ KG,(s)H, = 02! 2HXe| YF

1. K = 0 points The K = () points are at the poles of G(s)H(s), including those
at s = oo.

2. K = +oc points The K = o points are at the zeros of G(s)H(s), including
those at s = no.

3. Number of separate root loci The total number of root loci 1s equal to the order of the
equation 1 + KGy(s)H(s) = 0.

4. Symmetry of root loci The root loci are symmetrical about the axes of symmetry the
of pole=zero configuration of G(s)H(s).

5. Asymptotes of root loci as For large values of s, the RL (K = 0) are asymptotic to

5§00 asymptotes with angles given by

0; = fkd x 180°
For K<0, the RL are asymptotic to
Or = 2 % 180°
where i =0,1,2, ..., |n—m|—1,
n = number of finite poles of Gi{s)H(s), and

m = number of finite zeros of Gis)H(s).
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[E 7-1] 1+ KG,(s)H, = 02! 2HXe| YF

6. Intersection of the asymptotes (a) The intersection of the asymptotes lies only on the real axis
in the s-plane.

(b) The point of intersection of the asymptotes is given by

. Z real parts of poles of G(s)H () —Z real parts of zeros of Gs)H(5)
- n—m

0]

7. Root loci on the real axis. RL for K =0 are found in a section of the real axis only 1f the
total number of real poles and zeros of G(s)H(s) to the right
of the section 1s odd. If the total number of real poles and
zeros (o the right of a given section is even, RL for K < 0 are
found.
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[E 7-1] 1+ KG,(s)H, = 02! 2HXe| YF

8. Angles of departure

9. Intersection of the root loci with
the imaginary axis

10. Breakaway points

11. Calculation of the values of K

The angle of departure or arrival of the RL from a pole or a
zero of G(s)H(s) can be determined by assuming a point s, that
15 very close to the pole, or zero, and applying the equation

m L
(G(s)H(s1) =Y Lsi —z) = Y _L(s1 = pj)
k=1 j=1
=2(i+1)I80° K >0
=2ix 180" K<0
where i =0, +1, =2, . . ..
The crossing points of the root loci on the imaginary axis and
the corresponding values of K may be found by use of the
Routh-Hurwitz criterion.

The breakaway points on the root loci are determined by
finding the roots of dK/ds = 0, or dG(s)H(s)/ds = 0. These
are necessary conditions only.

The absolute value of K at any point s; on the root loci 1s on
the root loci determined from the equation

1
K = 1Geomen]

m

@’JQEHLE

Kyung Hee University
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O T4 o= Aol Z2HIES LERH Zi0|ck
s(s+1)+K=0 (7-36)
Oi7|M= K7F =200 A 20WEX] 100742] 2t e SE6IHA HE o] 2HHM=g 4380 o] 2=
2 m2azol AME|D olMHoR M Zolck 2AX 4 BE HS K| FOIT ol oiEt B 22 LiE
Ch.asg= K| 377 33 22| REEs R0MES Y =+ Sk K2 270 #4613 £22 K2l Halol of
SHH 22| 0I30] AHEICEL s = —0.521 o|FEMM 22 RiE== FE7t |k
a8 T-5& ths WEAe] K71 —400 A 507E%] 2007H12] ZdEt diesE SEF o] 2HEM=0|ch

P+ 12 +K(s+2) =0 (7-37)
I CHAl O] HIE= 250] 5 =0, —0543, —1.0 2F —2.45721 0|2 &0l #2288 29 DA S71EE 20
ZF10 QIck 2] 2= cish o 2HER A2 A (7-34)2] BHE 0|BSHH ZAME & QUCk A (7-36)2] 2kt
SHEA et

K
—_—=—15-1 (7-38)
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Toolbox 7-3-2
Al 7-3610F A 7-3704| CHEH MATLAB 2424

numl=[17;

denl=conv{[1 01,[1 11);

mysysl=tf({numl, denl);

subplot(2,1,1);

rlocus(mysysl);

title('Root loci for equation 7.36');

[k,poles] =rlocfind(mysysl) %rlocfind command in MATLAE can choose the
desired poles on the locus,

mumz2=[1 2];

denZ=conv{[1 0 071,[1 17);
den2e=conv{den?, [1 113;
subplot(2,1,2)
mysys2=tf{num2,den?);
rlocus(mysys2);

titlel 'Root loci for equation 7=37'1;
axis([-3 0O -8 81)
[k,poles] = rlocfind{mysys2)

Kyung Hee University
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Toolbox 7-3-2
oA 7361t 7-370 CHSF MATLAB B H
numl = [l l],‘ Root loci for equation 7.36

\O

denl = conv ([l 0], [1 11); = 0.2,

mysysl = tf(numl, denl); % 011

subplot (2, 1, 1); % 0 L &

rlocus (mysysl) ; i o

title('Root loci for equation 7.36'); £ |

[k, poles] = rlocfind (mysysl); R S S |
Real Axis (seconds™)

num2 = [1 2]; , .

denz — conv ( [ 1 O O ] [ 11 ] ) . _ - Root loci for equation 7-37

den2 = conv(den2, [1 11); 2 s

subplot (2, 1, 2); g . -

mysys2 = tf(num2, den2); % - T

rlocus (mysys2) ; § 5.

title('Root loci for equation 7-37"); § : S = —

axis([-3 0 -8 871);
[k, poles] = rlocfind(mysys2);

Real Axis (seconds™)
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K
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745101 TRZICE O[%| b > a 91 s = —bo| Bt 72| 2 TSI} B4 Gls)H(sy= CF2} 20| Eick
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a8 76y s = —bo| = 20| UMY B4 RS s FH Quipt Koz HX|A| St US 20 F0h
SAZ0| et HZH ZTE £90°0H T60°2 HIBICE MM DAEE M4E 4 —a/200M —(a + b)/22
2 74z,

2t G(s)H(s)7t L= HOAARS Ro MIEatH O 7-6(b)2 ZHEE 7HKl= MAR2 K9 o] ¢
FUAZUECH I EePYsEICE Brof O 7- 6(a}2| ZHES JIXlE AIA"E K > 001 M E4 oFFolct O
2 7-6(c)= 5 = —cO0|T ¢ > b2l CHE 2& G(»)H(s)0f 71HS mf ZHES LIEPH 240|ct 0 AJAEIS O|H| 4%}
0|1 & 7He EATHE2 RFECE ¢F FF2ECt 0|F F =AY M == 0[H| =457 0[Ch 4} A|
AE"EHIM AA”S PFYE 212 3Rt A|AEY oHEE ZAHEC OF HZEiRICE 27 T-6(d)= A (7-42) HE
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$%Toolbox 7-4-1

s34 7-68 %I maTLAB BH

a=2; b=3; ¢c=25;

num4 = [1]; num?2 = [1];

dend = conv ([l 0], [1 a]); den?2 = conv ([l 0], conv ([l al, [1 bl)):
subplot (221) ; subplot (223) ;

mysys4 = tf(numéd4, dend); mysysZ2 = tf(numZ, den2);

rlocus (mysys4) ; rlocus (mysysZ2) ;

axis([-3 0 -8 8]); axis([-3 0 -8 8]);

num3 = [1]; numl = [1];

den3 = conv ([l 0], conv ([l al], [1 a/2])); denl = conv ([l 0], conv ([l al], [1 bl)):
subplot (222) ; denl = conv(denl, [1 c]);

mysys3 = tf (num3, den3); subplot (224) ;

rlocus (mysys3) ; mysysl = tf (numl, denl);

axis([-3 0 -8 81]); rlocus (mysysl) ;

m

gep Bo
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33 7-Na)e A (742)2] G(s)H(5)2] s = —b(b > a)0i| BES F7I8t 892 RLO|CL H2lf A|AHC| RLY =
A5 220| BFE ARHMM HE YTt IHEE G)H()7t HOAARS 2 HEE2E 0] Al
AG9| AtierEEE GO FII2 YEL. a8 7-1(b)= SASWEY FHS 4 (7-42)9] g0l FoeictEH
FAEE 2L o= 242 2ol AoICh O 7-T(e)= s = —c0fl U= FES A (7-43)9 HLEE0| FIRIE
T RLS LfEHHALCE

m
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Imaginary Axis (seconds™)

Imaginary Axis (seconds™)

£

od
* Jok
- o
12
El

2HN 2ol UoiM 23
* G(s)H(s) ol 22t X FItZ olst A
Root Locus Root Locus
5| - g 51
7N 8 |
oﬁﬁ\\@ §% o 0L g
é
ol 5 5 num3 = [1 c];
_ _ _ ? _ _ _ den3 = conv ([1 0], [1 al);
-20 -10 0 10 - -6 -4 -2 0 subplot (222) ;
Real Axis (seconds™) Real Axis (seconds™) mysys3 = tf (num3, den3);
Foot Locus rlocus (mysys3) ;
$%$Toolbox 7-4-2 axis([-6 0 -8 81);
5| s 18 7-78 fI¢ maTias HE
a =2; b=3; ¢c=20; d=6;num2 = [1 d];
num4 = [1 d]; den?2 = conv ([l 0], conv ([l al,
dend4 = conv ([l 0], [1 al); Dbl)):
| subplot (221) ; subplot (223) ;
-6 4 -2 0 mysys4 = tf (num4, denid); mysysZ2=tf (num2, den2);
Real Axis (seconds ) rlocus (mysys4é) ; rlocus (mysysZ2) ;
axis([-6 0 -8 81);

[1
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oixl 7-4-3

ChS AlS dZ6iRL

s*(s+a) +K(s+b)=0 (7-44)
A (7-49)°] S KS TEK e HOZ Liwo| T8 21 HYELS el
b
G(s)H(s) = % (7-45)

Ho| OF O|RZ0| a2 Zlol| w2t HHEE o 4~ Qlen CtSat ZCt
S:—a+3:|:é1.fa1—l[}a+9 (7-46)

4

O3 7-82 A (T-44)0M b= 121 32 a2 HF 2l0f| O RLO|CE O Z3} ChS2} 20| R9FECE

& Ze|CHet
Kyung Hee University



a2 7-8(a):a = 10. 0|EH: s = —2.5, —4.0.
921 7-8(b): a = 9. Al (T-46)22 ZOE| 5 J4o] O|ZHS 5 = 30 QUi Bt Hof 2@BHCE —a0f Y= 2

S — 10014 92 OIEAI7[2t RLOIA] 37} M7= 20l Z2510{0F Bic}
2e 59| g2 olol A (144)E BEAFIK| er)

OHICH X2 @0 Zlofl ) A (7-46)22 FOIFI Za}
0|42 s = 00i Bt 7§ 0|2l0] C}2 RBt0[HX0| eSS

73 7-8(c):a = 8.5 = 02 H|2/stZ RL &of o|E2XEZ gl

= O
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O3 78():a=b=1s5=—a9 I s = —b2| FHEZ AMZ H4liECt 32|11 RL2 2X|Ql FF2 CHA|

JeXA =0 o= ol TS 24EICt



Koo

Jear 4

K=0

]
l
3

(a)a=10

K=10

[12] 7-8] Gis)H(5)2] = o)=2] 512 HojF= 293, Gls)H(s) = Kis + 1)/[s*(s+a)].
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Toolbox 7-4-3
ag 7-82 9t maTiaR HYH
al = 10; a2 = 9; a3 = 8; a4 = 3; b = 1;

o° o°
o° o°

numl = [1 b]; num3 = [1 b];
denl = conv([1 0 0], [1 all); den3 = conv ([1 O 0], [1 a31):
subplot (221) ; subplot (223) ;
mysysl=tf (numl, denl); mysys3 = tf (num3, den3);
rlocus (mysysl) ; rlocus (mysys3) ;

num4d = [1 b];
num?2 = [1 b]; dend = conv([1 0 0], [1 a4]);
den2 = conv([1 0 0], [1 a2l); subplot (224) ;
subplot (222) ; mysys4 = tf(num4, dend);
mysysZ2 = tf(num2, den2); rlocus (mysys4) ;

rlocus (mysys2) ;
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ollx| 7-4-4 |

O &EAE Y26tRt.

s(s* +25+a) +K(s+2) =0 (7-47)
0| A9 S7} G(s)H(s)= Ch3ot Zrt.
G(s)H(s) = o Sf(_i ;;2_5 2 (7-48)
a( > 0)2] 7HHglol tist ZHHK = 0/ SFst= 20| SHoCk of A o|EHUFAR o3nt Zo| 2
et
s 448> +4s4+a=0 (7-49)

& #S|CHe @
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C}S WAl AZI5IXL

5+ Kys® + Kis+ Ky =0 (7-55)
047 | A K3} Ky= 00l A coZ7bX| HE = Q= 7HH OI2H0|E{0[CE X B EH= K, = 022 50 W A (7-55)=
S+ Kis+K =0 (7-56)
0| Ao YHE K, S ZEGHK| U2 522 LIF0 FH
K I:S + 1} - 7.57
1+ == 0 (7-37)
Al (7-56)2] 22E0=
Gy(s)H; (5) = "‘; : (7-58)

o Z-HX Hix|of 2H5Hd - 7-10(a)Qt 20| IZICE CHS K, 2 HO0| OF H42 =1 K, E 00)| A «l}x|
HIAZIXL A (7-55) PHE K8 EEGHR| 2 P22 LR FA OF As 2=

gep B A
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Toolbox 7-5-1
Al 7-108 @I%H vaTIAR BH

o©° oo

o
©°
o
©°

for k1 = [0.0184 0.25 2.56];

num = [1 O 0];
den = [1 0 k1 k1];
mysys = tf(num, den);
rlocus (mysys) ;
hold on;

end;
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HRD HONAHS| 2T HYE4T} L 20t 25,

GEH) =57 Ts}{.er T35 72) (7-61)
Ko} TE 71 mfato|E|2 510 S4UHAS DZRHE TAE TR7L ULk 0] A|AHS| SMUHAZ
s(1+Ts)(s* +25+2) +K =0 (7-62)
K| TE 022 A 12{H SHUTFAR
s(+25+2) +K =0 (7-63)
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$Toolbox 7-5-2
SMATLAB statements for Example 7-5-2

T =0

num=[1];den=conv ([l O],conv ([0 1],[1 2

21))i

mysys=tf (num,den) ;
subplot(2,2,1);rlocus (mysys) ;

k>4

for k=4:10;
num = conv ([l O O0],[1 2 2]);
den = conv ([l 0],[1 2 21);
den = den+tk;
mysys = tf (num,den);
subplot(2,2,2);rlocus (mysys) ;

end;

m

k=0.5;

num = conv ([l O O0],[1 2 2]);

den = conv([1l 0],[1 2 2]);

den = den+tk;

mysys = tf (num,den);

subplot (2,2, 3)

rlocus (mysys) ;

$k<0.5

for k=-100:0.5;
num = conv ([l O O],[1 2 21);
den = conv([1 0],[1 2 21);
den = den+k;
mysys = tf (num,den);
subplot(2,2,4);rlocus (mysys) ;

end;
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o Root Locus
$Toolbox 7-5-3 ' L L L L L
$SMATLAB statements for Fig. 7-17 8
$Same results as Fig. 7-17 can be obtained 4|
by using the following MATLAB statements:
for k= [3 6 20]; ~
num=[k 0]; é ol
den=conv ([1 0],conv([1 1],[1 2])); g |
den=den+k; ¢ 0 O
mysys=tf (num, den) ; > ol [
rlocus (mysys) ; 5
axis([-4 4 -10 101); E A
hold on 6L
end;
8.
% 3 2 E] 0 ] r
Real Axis (seconds™")



