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ABSTRACT

This paper proposes Agent-wise CCP-PSM, a distributed optimization framework for collision avoidance
in high-density multi-agent systems. The proposed method linearizes non-convex distance constraints using
the Convex—Concave Procedure (CCP) and solves each agent’s local problem via a computationally efficient
Projected Subgradient Method (PSM). By incorporating collision avoidance as soft penalties, the framework
improves numerical robustness and maintains solution availability in congested scenarios. Furthermore, a
Gauss—Seidel-based sequential update enables each agent to utilize the most recent information from others
while keeping the subproblem dimension independent of the total number of agents, improving coordination
efficiency.

Within a receding-horizon framework, the method generates collision-avoidance trajectories in real time
while empirically reducing minimum-separation violations. Its computational complexity with respect to
the number of agents and planning horizon is analyzed and validated through simulations. Results demon-
strate that the proposed framework provides a favorable balance among minimum-separation performance,
computational efficiency, and scalability across diverse scenarios.

INDEX TERMS Multi-Agent System, Cooperative Collision Avoidance, Distributed Optimization, Convex-

Concave Procedure, Projected Subgradient Method.

. INTRODUCTION

HE rapid evolution of Unmanned Aircraft Systems

(UAS) and the emergence of Urban Air Mobility (UAM)
have led to increasingly congested airspaces. In such environ-
ments, multiple aircraft operate in close proximity, making
scalable and computationally tractable collision avoidance a
central requirement for safe operation. Over the past decades,
a broad spectrum of approaches has been developed, ranging
from reactive collision avoidance strategies to optimization-
based trajectory planning frameworks.

Reactive methods initiate avoidance maneuvers when con-
flicts become imminent. Representative examples include the
Velocity Obstacle (VO) framework [1] and its extensions
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such as Reciprocal Velocity Obstacles (RVO) [2], Optimal
Reciprocal Collision Avoidance (ORCA) [3], and Hybrid
RVO (HRVO) [4]. Artificial Potential Field (APF) meth-
ods [5], [6] also provide lightweight mechanisms for real-
time navigation. While these techniques are computationally
efficient and well suited for decentralized implementation,
their performance may degrade in dense or highly interactive
scenarios due to their susceptibility to local minima and a lack
of explicit anticipatory coordination among agents, which can
lead to avoidance failure in congested airspaces.

To enhance global consistency and trajectory smoothness,
optimization-based planning methods have gained increasing
attention. Approaches such as TrajOpt [7] and CHOMP [8]
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employ gradient-based optimization to compute collision-
free trajectories, while GPMP [9] leverages probabilistic in-
ference for efficient motion planning. In aerospace applica-
tions, Sequential Convex Programming (SCP) and Succes-
sive Convexification (SCvx) [10], [11] have demonstrated
effectiveness in handling nonlinear dynamics and constraints.
Despite these advances, extending such frameworks to co-
operative multi-agent collision avoidance remains challeng-
ing, primarily because inter-agent separation constraints are
inherently non-convex and strongly coupled across agents.
Furthermore, these frameworks typically treat separation re-
quirements as hard constraints and rely on heavy-duty nu-
merical solvers. In densely populated environments, such for-
mulations frequently encounter numerical infeasibility, where
no valid solution exists for the strict constraints, potentially
causing system-level failures.

From a coordination perspective, existing distributed plan-
ning strategies [12]-[14], including DMPC and cooperative
trajectory generation, typically rely on parallel (Jacobi-style)
updates. While theoretically sound, such schemes often re-
quire multiple communication rounds to propagate consistent
information, limiting convergence speed in communication-
constrained or high-speed scenarios. Recent consensus stud-
ies show that asynchronous communication, cooperation—
competition interactions, switching topology, and communi-
cation delays can affect information propagation and conver-
gence rates in distributed multi-agent networks [15], [16].
Although these works focus on consensus tracking rather than
trajectory-level collision avoidance, they motivate coordina-
tion structures that reduce repeated communication rounds.
However, distributed trajectory-planning approaches based
on repeated parallel updates still often struggle to simulta-
neously ensure feasibility, scalability, and real-time imple-
mentability under tightly coupled multi-agent interactions.

Motivated by these limitations, this paper proposes a dis-
tributed cooperative collision avoidance framework termed
Agent-wise CCP-PSM. The proposed method is designed to
bridge the gap between the theoretical rigor of Difference-
of-Convex (DC) programming [17] and the requirements of
embedded, real-time implementation. Unlike traditional par-
allel schemes, the proposed framework adopts an agent-wise
sequential (Gauss—Seidel) update structure. This enables each
agent to incorporate the most recently updated trajectories
within the same coordination cycle, improving information
propagation while reducing the need for repeated consensus-
style communication rounds.

To enhance numerical robustness, the inter-agent sepa-
ration requirements are reformulated as rectifier-based soft
penalty functions. This formulation alleviates the strict in-
feasibility issue that frequently arises in adversarial initial-
izations or highly congested configurations where hard con-
straints cannot be simultaneously satisfied. As a result, the
penalized optimization problem remains well posed and can
continue to produce dynamically feasible best-effort trajecto-
ries, allowing graceful degradation in separation performance
rather than abrupt infeasibility or solver failure. By exploiting
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the underlying DC structure [18], [19], we integrate a Pro-
jected Subgradient Method (PSM) directly into the Convex-
Concave Procedure (CCP), resulting in a lightweight imple-
mentation grounded in classical convex optimization theory
[20]. Unlike conventional CCP or sequential convexification
methods such as SCP that rely on repeatedly solving convex
subproblems, the proposed approach avoids external solvers
and significantly reduces computational overhead. Further-
more, in contrast to distributed MPC-based approaches that
require receding-horizon optimization and frequent infor-
mation exchange, the proposed framework directly refines
trajectories with reduced communication burden. This inte-
grated design addresses coupling, infeasibility, and computa-
tional efficiency in a unified and practically scalable manner.

The novelty of the proposed framework lies in this inte-
grated algorithmic structure rather than in any single com-
ponent alone. Compared with ORCA-type reactive methods,
the proposed method optimizes finite-horizon trajectories and
explicitly accounts for future interactions. Compared with
CBF-based safety filters, it addresses trajectory-level coordi-
nation rather than applying a myopic local correction, while
acknowledging that the soft-penalty formulation does not
provide a hard safety certificate. Compared with ADMM- or
DMPC-based distributed optimization methods, which often
require iterative coordination, consensus updates, or frequent
information exchange, the proposed Gauss—Seidel coordina-
tion propagates updated trajectory information sequentially
within each coordination cycle. Finally, compared with con-
ventional CCP, SCP, or SCvx implementations that repeat-
edly invoke external convex solvers, the proposed CCP-PSM
solver exploits the affine dynamics constraints to perform
closed-form projections, resulting in a lightweight implemen-
tation.

The main contributions of this paper are summarized as
follows:

Structural Efficiency: We introduce a sequential agent-
wise Gauss—Seidel coordination structure that propagates the
most recently updated trajectories within each coordination
cycle. This structure reduces the need for repeated consensus-
style communication rounds while keeping each local sub-
problem dimension independent of the total number of agents.

Computational Tractability: By combining CCP with a tai-
lored PSM and closed-form projection onto the affine dynam-
ics manifold, the proposed framework eliminates the need
for external convex solvers. This enables predictable low-
latency computation suitable for real-time receding-horizon
implementation.

Numerical Robustness: The rectifier-based soft-penalty
formulation mitigates infeasibility of the penalized optimiza-
tion problem in high-density scenarios. As a result, the frame-
work maintains solution availability and reduces minimum-
separation violations in a best-effort manner, while exact
satisfaction of the minimum-separation requirement remains
dependent on the penalty weight and finite iteration budget.

Quantitative Validation: Extensive simulations demon-
strate that the proposed framework achieves a favorable
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trade-off among minimum separation distance, minimum-
separation violations, control effort, computation time,
and scalability compared with representative reactive and
optimization-based baselines.

Il. PRELIMINARIES

A. CONVEX-CONCAVE PROCEDURE

The Convex-Concave Procedure (CCP) is an iterative method
designed to solve difference-of-convex (DC) problems. It
decomposes a non-convex function into the difference of two
convex functions and then searches for the optimal solution
through the convexification process:

minimize g(x) — h(x).

Here, the objective function f (x) = g(x) — h(x) is a non-
convex function, expressed as the difference between two
convex functions, g(x) and i(x). By linearizing the function
h(x) around a reference point z, we obtain the following:

h(x;z) = h(z) + Vh(z) " (x — 2).

Since the function A(x) is convex, the linearized function
h(x;z) satisfies the inequality 2(x;z) < h(x) for all x. By
substituting /(x; z) for 2(x) in the original objective function
f(x) = g(x) — h(x), we obtain the convexified objective
function f (x; z), which is written as:

flxsz) = g(x) — h(x;2) > f(x).

Ateach CCP iteration, the convexified surrogate problem is
solved, or approximately solved, to obtain the next lineariza-
tion point x(* 1) This process is repeated to seek a stationary
point of the original non-convex objective f (x):

x®+) = argmin f (x; x(0)

— argmin g(x) — h(x;x®)).

Since f (x) is non-convex, CCP does not guarantee conver-
gence to the global minimum. Under standard DC assump-
tions, CCP is commonly used to seek a stationary point of the
penalized local problem. In this work, this property is invoked
only for the local subproblem with fixed neighboring trajec-
tories, while the full distributed receding-horizon scheme is
evaluated empirically.

B. PENALTY FUNCTION FOR COLLISION AVOIDANCE

In multi-agent systems, collision avoidance constraints typi-
cally exhibit a non-convex nature, which constitutes a major
factor that degrades convergence stability in numerical op-
timization processes. To address this issue, this study intro-
duces a rectifier function in the form of a hinge loss, which is
widely used in optimization theory, and incorporates a penalty
into the objective function that is proportional to the degree
of constraint violation. The penalty term P is defined as:

P = (dsafety - ||p(k) _p(l)||)+ = max (07 dsafety - dt) )
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where p®) and p® denote the positions of agents k and I,
respectively, and d, = ||p®) — p()|| represents the Euclidean
distance between the two agents. The above expression can
be decomposed into the DC structure using the following
mathematical identity:

max (0, dsafety - dt) = max (dsafety7 dt) —d;.

Here, d; is an />-norm and thus a convex function, and the
max operator is also convex since it represents the pointwise
maximum of a constant and an ¢5-norm. Consequently, the
rectifier-based penalty function associated with the collision
avoidance constraint admits a difference-of-convex structure
of the form g(x) — A(x). This exact reformulation enables the
resulting penalized problem to be efficiently handled using
the convex—concave procedure.

Throughout this paper, a minimum-separation violation
refers to the violation of the prescribed separation require-
ment dgatery. Given the minimum pairwise distance dpin
over a trajectory, the violation magnitude is measured as
max(07dsafety — dmin). This metric quantifies violation of
the prescribed separation requirement and should be distin-
guished from a hard physical collision claim.

C. PROJECTED GRADIENT DESCENT WITH LINEAR
EQUALITY CONSTRAINT

Consider a convex optimization problem consisting of a dif-
ferentiable convex function f(x) and linear equality con-
straints g(x) = Ax + b:

minimize f(x)
subject to  g(x) = 0.

While the global optimum admits a closed-form solution
when f (x) is quadratic, such a solution is generally unavail-
able for more general convex objectives. Since the prob-
lem includes linear equality constraints, a Projected Gradient
Descent (PGD) scheme is employed. In this approach, an
intermediate solution X1 temp is first obtained via a gradient
descent step, which is then projected onto the feasible set to
satisfy the constraints:

X1 = Te (5 — aVif () = e (Xj41,temp) 5

where « is the step size, C = {x | Ax + b = 0} denotes
the feasible set, and Il (-) represents the projection operator
onto C. The projection process can be defined as the following
optimization problem:

minimize
X

subject to

1
§||x _xj+1,temp||2

Ax+b=0.

Assuming that A has full row rank, the above problem
admits a closed-form solution as follows:

Xji+1 = Xj+1,temp — AT (AAT)_l (ij-‘rLtemp +b).
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Ill. DISTRIBUTED COLLISION AVOIDANCE

A. PROBLEM FORMULATION

The cooperative collision avoidance problem for K aircraft
can be formulated as a finite-horizon optimization problem,
as follows:

minimize Tz:l EK: Hu,(k) I|? (1a)
=0 k=1

subject to pl(i)l =p% 1+ An®, (1b)

v =0 Au®, (1)

Pg)k) :pi(rlii)t’ Vg)k) = vi(ll‘ii)t7 (1d)

P =plh W= e

Ip* = pV|| > deaterys VIA# K. (D)

In problem (1), the subscript of each variable denotes the
timestep, while the superscript denotes the index of the agent.
Here, p € R2, v ¢ R? and u¥ € R2 are position,
velocity and control input of k-th agent at time ¢, while At
and T denote the timestep and the horizon size, respectively.
Thus, the objective function in (la) minimizes the control
effort for each aircraft, and the constraints (1b) and (1c)
represent the linear discrete-time dynamics of the aircraft.
The constraints (1d)-(1e) specify the initial and final states of
the aircraft, while (1f) ensures that the distance between any
two aircraft is at least dsafety, Which serves as the collision
avoidance constraint. By eliminating the state variables using
the lifted system representation, the initial conditions, system
dynamics, and terminal boundary conditions can be aggre-
gated into a single linear equality constraint Mu®) 4 n*) = 0
where M € R**?T and n®) € R?. If the objective function
(1a) is separated with respect to the control inputs of each
agent, u®) € R, problem (1) can be represented as a
subproblem in the following decoupled form based on the
linearized dynamics equations:

mini(glize ()2
subject to Mu®) 4 ) = 0, )
dz > dsafetya vi 7é k7
where

di = || (Gau® + 1™y = (Gu® + nD) .

P P

In problem (2), the matrix G, € R2*2" and the vector
hl(k) € R? are used to map the control input u*) to the k-th
agent’s position p,(k) through the lifted system representation.
A fundamental challenge in solving (1) is that the collision
avoidance constraint is intrinsically coupled with the decision
variables of other agents, u("), which prevents direct decom-
position of the centralized problem.

To enable a decentralized solution, each agent k treats
the trajectories of neighboring agents as fixed parameters
rather than decision variables. This parameterization allows
the coupled multi-agent constraint to be evaluated locally,
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yielding an optimization problem that depends only on the in-
dividual decision variable u*). To avoid oscillatory behaviors
or deadlocks that may arise from simultaneous updates across
agents, a sequential coordination strategy based on a Gauss—
Seidel scheme is adopted with a predefined priority ordering,
such as the agent index. This design improves information
propagation within a coordination cycle because later agents
can exploit the most recently updated trajectories of earlier
agents. However, it also introduces an inherent trade-off:
the resulting trajectories may depend on the selected update
order.

In the present implementation, a fixed index-based order-
ing is used to keep the coordination protocol simple, de-
terministic, and reproducible. The order dependence can be
mitigated in practice by cyclically shifting the priority order,
randomizing the update order between coordination cycles,
or assigning priority according to conflict severity. A detailed
investigation of adaptive ordering strategies is left for future
work.

Under this scheme, agents perform optimization sequen-
tially within each coordination cycle. When agent k solves
its subproblem at the (m + 1)-th coordination iteration, it
utilizes the most recent trajectory information available from
the network:

0 uDom+1
u(l)vm,
where the superscript m denotes the index of the global

coordination loop. The coordination procedure at iteration
m + 1 consists of the following steps:

| <k (already updated)

>k )

(not yet updated)

1) Local Optimization: Each agent k solves its subproblem
to obtain an updated trajectory u*)"+1  while the tra-
jectories of other agents are held fixed as defined above.

2) Information Exchange: After completing the local opti-
mization, the updated trajectory u*)"+1 is immediately
communicated to subsequent agents in the sequence.

Consequently, this sequential coordination process signifi-
cantly reduces the computational burden compared to a fully
centralized optimization problem (1). In a centralized formu-
lation, the number of decision variables and coupled con-
straints grows rapidly with the total number of agents, which
can become prohibitive for large-scale systems. In contrast,
the proposed approach decomposes the global problem into
K smaller subproblems, each involving a fixed number of
decision variables. This decentralized formulation provides
a structural basis that admits game-theoretic interpretations
[21], [22], where the sequential updates can be viewed as a
form of best-response dynamics. By leveraging this frame-
work, the proposed approach effectively enhances scalability
and real-time feasibility for multi-agent trajectory planning in
dense environments.

While the proposed Gauss—Seidel coordination enables
decentralized trajectory updates with improved scalability,
its practical implementation requires repeated execution in

VOLUME 11, 2023



IEEE Access

Park, Lee and Kim: Sequential Distributed Optimization for Cooperative Collision Avoidance via Agent-Wise CCP-PSM

Algorithm 1 Distributed Gauss—Seidel Coordination

1: Input: Initial trajectories {u*)-01&_,

2: Output: {u®)m}K_|

3: form=0,1,2,... do > Global coordination cycle
4 Execute buffered control inputs from {u*)"}

5 fork =1to K do > Sequential agent update
6 Fix trajectories of other agents via (3)

7: Solve local subproblem for agent k

8 Obtain updated trajectory u*)-"+1

9 Broadcast u®)"+1 to the network
10: end for
11: end for

a real-time setting. To this end, the coordination scheme is
embedded within a receding-horizon framework, as detailed
in the following subsection.

B. LOCAL TRAJECTORY OPTIMIZATION

We now apply the DC framework introduced in Section II to
the distributed subproblem of agent k, treating neighboring
trajectories as fixed parameters as defined in previous section:

T—1
o » . o (k) 2 _
minimize (T =X))|u"™ )"+ A ; ; (dsatety dl)+
subject to Mu® 4+ n® = 0.
“)
We handle the nonconvex collision avoidance constraints
in subproblem (2) by incorporating them into the objective
function and formulating the problem as a difference-of-
convex function. The difference between dgafety and the rela-
tive distance between two aircraft is passed through a rectifier
function (-)4, which outputs zero if the value is negative
and increases the cost otherwise. This leads to the objective
function shown in problem (4). The rectifier function can be
separated into two convex functions, as shown below:

(dsafcty - dt)+ = maXx (dsafcty - dt, 0) )

= max (dsafety, d,) — d; . )
—_— =
convex convex

— | =k (self update)
------- » 1 <k (updated)
---% [>k (not yet updated)

wm Subproblem #1 pmtl )

L

;o v
fu@m —~ Subproblem #2 w@mt1"
/ ; 3

© | ®m Z ¥ Subproblem #3 |—) w@mf

Execute

Execute

Time

FIGURE 1. Sequential decentralized coordination via Gauss-Seidel
scheme (K = 3).
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It is important to emphasize that the proposed rectifier-
based penalty formulation introduces an explicit trade-off
between control effort and enforcement of the minimum-
separation requirement, governed by the penalty weight \ €
[0, 1]. For A close to 1, violations of the minimum separation
distance are heavily penalized, and the resulting trajectories
empirically exhibit smaller minimum-separation violations.
However, for A close to 0, the optimization may admit so-
lutions with temporary distance violations in exchange for
reduced control effort.

Therefore, the proposed framework maintains feasibility of
the penalized optimization formulation, while exact satisfac-
tion of the minimum-separation requirement depends on A
and the finite iteration limits. In practice, A should be selected
according to the desired trade-off between control efficiency
and separation enforcement. A larger value of A\ generally
produces more conservative avoidance maneuvers by prior-
itizing separation recovery, whereas a smaller value reduces
control effort but may increase the magnitude or frequency
of minimum-separation violations. For dense scenarios, A
should be chosen close to one and jointly tuned with the
prediction horizon and the CCP-PSM iteration limits. This
guideline is not intended as a closed-form optimal rule; rather,
it provides a practical design principle consistent with the
sensitivity analysis in Section IV.

mini(glize (1= M) [u®?

T—-1
+ A Z Z{max (dsafety7 dt) - dt} (6)

I#k t=1

subject to Mu® 4+ n®) = .

Since the objective function in problem (6) consists of
terms involving the ¢5-norm and the maximum function, and
has linear constraints, problem (6) becomes a difference-of-
convex problem, which can be solved by applying the CCP
algorithm.

First, decompose the objective function f(u*)) into two
convex functions, g(u*)) and h(u(®)):

g(u®)

T-1
F®) = 1= DO+ 23S max (dhaey. d)

I#k t=1

T—1
f)\ZZd,. @)

I#k t=1

h(u®))
Now, the convexification of the objective function can be
achieved via linearized i (u(*)) around reference point z:

f (”‘(k)éZ) = g(u(k)) —h(z) — s:(u(k) —2), 5, € Oh(2)
= g(u("))
= T ) _
d th(u Z)
—A Id i + 2
,;k ; s e ] }
(®

5
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where d, ,; = G,(z — u) + h,(k) — h,(l). Here, u(®) is treated
as a constant as defined in (3). Note that when ||d. || = 0,
any vector in the unit ball is a valid subgradient; in practice,
a small regularization parameter ¢ > 0 is added to the
denominator, i.e., ||d;,, 11| + €, to ensure numerical
stability.

The CCP reference point is updated at every outer iteration
as z < u®|l1, as summarized in Algorithm 2. This lineariza-
tion yields a convex surrogate for the local penalized objective
under fixed neighboring trajectories. Because the collision-
avoidance term is included as a soft penalty rather than a hard
constraint, the subproblem remains well defined even when
the initial or warm-start trajectory violates the minimum-
separation requirement. In such initially infeasible or collid-
ing configurations, the rectifier penalty introduces a nonzero
penalty contribution that encourages reduction of minimum-
separation violations, while the projection step preserves the
affine dynamics and boundary constraints. The regularization
parameter € prevents numerical singularities near ||d_ ; ;|| = 0,
but it does not convert the soft-penalty formulation into a hard
safety guarantee. Therefore, the modified subproblem can be
expressed as:

minimize f(u®); 1|l
0 ©)
subject to Mu®) + %) = 0.

In problem (9), the superscript [i] denotes the index of each
CCP iteration. While this convexified subproblem involves
a non-differentiable objective function and linear equality
constraints, it can be solved using standard constrained opti-
mization techniques, such as Lagrange multipliers or interior-
point methods.

However, we employ the Projected Subgradient Method
(PSM), which can be viewed as an extension of projected gra-
dient descent to non-smooth convex objectives by replacing
the gradient with a subgradient. In contrast to interior-point
methods with cubic complexity, each PSM iteration requires
only matrix-vector multiplications and a single projection,
making it suitable for real-time implementation. The rationale
for selecting PSM is that the dynamics and boundary con-
straints Mu®) +n®) = 0 define an affine subspace, allowing
the projection step to be computed analytically.

To ensure stable convergence under the non-smooth objec-
tive, a diminishing step size is adopted in the PSM iterations.
Specifically, the step size at the j-th inner iteration is defined
as a; = ap/(1+)), where a is the initial step size parameter
[23].

By iteratively updating the control input along the subgra-
dient and projecting it onto the affine constraint manifold,
the solution at the [i + 1]-th CCP iteration, u(®)|*+1] can be
obtained as follows:

1) Subgradient Step: Let u®) |j[i+1] denote the control input
at the j-th inner iteration of the (i + 1)-th CCP cycle. The
intermediate control input u; " ;... is updated aIO{lg the

negative subgradient of the convexified objective f:

i+1 l+1
(k |][+1 temp (k)| ] ajgﬁ (10)

where the subgradient & € 9, f (u®| ][i+1]) is given by:

T—1
AN e an

I#k t=1

& =2(1-Nu®

Based on the DC decomposition and linearizations in
(8), the term ; ; ; is determined by the collision state:

GTd.,
_ﬁv ||d7 s safety
Z,t,
G'ldi,; Gld.,,
Vil =4 B - ==, ||dji ]l = dsat
990 =Y P el ~ sl )
G'dii  Gld I .
- ity safet;
il Mzl (y12)
where d;,; = G,(u(k)|j[i+1] —u®D) + 1® — 1" is the

relative distance vector at the current PSM iteration, and
d. 1 is the reference distance vector from the previous
CCP iteration as defined in (8), while 3 € [0, 1] cor-
responds to a valid convex combination of subgradients
at the non-differentiable point ||d;, /|| = dsafety- When
ldisill < dsafety, the max term becomes constant,
and only the linearized concave term contributes to the
subgradient.

2) Projection Step: After the subgradient update, the inter-
mediate solution is projected onto the affine subspace
defined by the linearized dynamics and boundary con-
straints Mu®) + n®) = 0. Since M € R**2" has full
row rank, (MM T)~! exists and the projection can be
computed in closed form as:

Ol O )
j+1 j+1,temp
— i+1]
—M (MM ) (Mu® |/[++1 temp T n(k()l)é)

Here, the projection matrix P = [ — M " (MM ")~'M
and the term (MM T)~! depend only on the system
dynamics, they can be pre-computed to accelerate the
algorithm. In the finite-iteration implementation used in
this work, the CCP update is taken as the final PSM
iterate,

u(k)‘[i-ﬁ-l] _ (k)| 1:31114 (14)
Since f involves non-smooth max-norm terms, it is Lips-
chitz continuous but not smooth. In practice, a small step
size is used and the inner loop is terminated after a finite
number of iterations.

Consequently, the pseudocode for local trajectory opti-
mization algorithm can be written as Algorithm 2.

Under fixed neighboring trajectories, subproblem (6) is a
DC program, and the CCP iterations for this local penalized
subproblem seek a stationary point of the corresponding lo-
cal objective under standard DC assumptions. The projected
subgradient and sequential update structure is related to dis-
tributed subgradient methods for multi-agent convex opti-
mization [23]. However, because the complete framework in-
volves nonconvex collision penalties, finite inner PSM itera-
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Algorithm 2 Local Trajectory Optimization for Agent k

1: Input: Initial trajectory u®)|l, neighbor trajectories
{u® i

2: Parameters: dg,tety, A\, Nccp, Npsw, initial step size ag
3: Output: Optimized local control u*)
4: fori =0to Nccp — 1 do
s: gz u®)l > CCP reference point
6 Uy < 2 > Initialize PSM
7 forj = 0to Npsy — 1 do
8 Compute a subgradient §; >via (11)
9 aj + ag/(1+))
10: Mjir{lp U — ajfj
11: Uity Hc(u;_'f_rfp) > via (13)
12: end for
130w gy
14: end for

15: return u%) ()| Nocr]

tions, Gauss—Seidel trajectory updates, and receding-horizon
replanning, this connection does not imply global optimality,
convergence to a Nash equilibrium, or formal convergence of
the full distributed algorithm. Accordingly, the convergence
behavior of the overall framework is assessed empirically in
Section I'V.

C. RECEDING-HORIZON FRAMEWORK

To enable real-time implementation of the proposed dis-
tributed optimization scheme, the coordination process is
embedded within a receding-horizon execution framework.
While a single coordination cycle yields a well-defined pe-
nalized solution under fixed neighboring information, its
performance in dynamic environments can degrade due to
execution latencies and the sequential nature of information
propagation. This is addressed by repeatedly executing the co-
ordination cycles in a closed-loop manner, where the previous
coordination results serve as an informed warm-start for the
subsequent cycle.

Let m € {0,1,2,...} denote the index of the global
coordination cycle. At the beginning of cycle m, each agent k
holds a nominal control sequence «*)”". During the current
cycle, agents sequentially update their trajectories using the
Gauss—Seidel coordination scheme described in Algorithm 1.

To synchronize the distributed updates with a physical sam-
pling clock, it is assumed that each local subproblem is solved
within a dedicated time slot A¢. Consequently, a complete
global update for K agents is finalized after K At, defining
the total coordination latency of one cycle. During this period,
each agent continues to execute control inputs from the pre-
vious trajectory buffer. Specifically, instead of waiting for the
completion of the current coordination cycle, agents apply the

o (k),m - (k),m
remaining control sequence (e.g., u Jus 7, ... ) from the
prior solution. This execution-ahead strategy ensures control
continuity even when the total coordination time scales with
the number of agents.
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A critical consequence of this delay-aware structure is the
induced coupling between the coordination latency and the
effective planning horizon. Let 7y denote the fixed terminal
time. Due to the delay incurred during sequential updates, the
remaining prediction horizon for the next subproblem, Nycy,,
is effectively constrained by the coordination time:
Ny = LU KAD) (1s)

t

where ¢ denotes the current time. As K increases, the coor-
dination cycle K At occupies a larger portion of the remaining
mission time, leading to a more pronounced reduction in
the dimensionality of the local optimization problems. This
shrinking-horizon property partially mitigates the computa-
tional growth associated with agent scaling, as theoretically
analyzed in Section III-D.

Moreover, the repeated coordination cycles allow interac-
tion information among agents to accumulate iteratively, im-
proving the consistency of the predicted trajectories through
a process analogous to warm-starting. The feedback nature of
the receding-horizon framework enhances robustness against
modeling errors and external disturbances, continuously re-
fining the control trajectories based on the most recent system
state and neighboring information.

D. COMPUTATIONAL COMPLEXITY ANALYSIS

The computational complexity of the proposed CCP-PSM
framework is analyzed to evaluate its scalability for multi-
agent systems. The complexity of a single local subproblem
for agent k at a given coordination cycle depends on the
number of decision variables, which is determined by the
remaining prediction horizon N,.y, defined in Section III-C.

1) Local Subproblem Complexity

The local optimization involves nested loops: an outer CCP
loop and an inner PSM loop. Given the fixed maximum
iterations Nccp and Npsy, the computational effort within
each coordination cycle is primarily characterized by two
primary operations:

o Gradient Computation: Evaluating the subgradient of
the collision penalty requires computing relative dis-
tances to K — 1 neighboring agents over Ny, timesteps.
This operation scales as O((K — 1) - Nyem ), or O(K -
N rem)'

o Projection onto Linear Constraints: The projection step
(13) is performed onto an affine subspace defined by
the system dynamics. Since the projection matrix is

At At ! At

I
| |
I I

. [ Subproblem #1 ]—)}[ Subproblem #2 '—)}[ Subproblem #3 '—)
I I
I I
I I
I I

(k),m

(k),m+1

Execute u Execute u

< 7
m-th global coordination cycle

FIGURE 2. Global coordination cycle timeline (K = 3).
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pre-computed, the operation reduces to matrix—vector
multiplications. As the dimension of the optimization
variable u(¥) is 2N,cp, the projection complexity scales
quadratically with the horizon length, i.e., O(N2 ).
Therefore, the computational complexity of solving a sin-
gle local subproblem is given by

O(NcepNpsu (KNpem + erem)) .

2) Global Coordination Cycle Complexity

A full coordination cycle involves sequential updates for all K
agents. Thus, the total complexity of one global coordination
cycle is:

O(NCCPNPSM (KZNrem + KNr2em)) )

where the term K2N,.,, arises from pairwise interaction
evaluations across all agents, and KN2,, corresponds to the
cumulative projection effort.

3) Impact of the Shrinking Horizon

A critical feature of the proposed framework is the structural
coupling between the number of agents K and the effective
planning horizon Nyey,. As discussed in Section III-C, each
coordination cycle incurs a delay proportional to K Az. Sub-
stituting (15) into the complexity formulation, the remaining
prediction horizon effectively decreases with K:

Nrem X Ttotal —K.

This coupling introduces a computational trade-off that
explains the non-monotonic trend observed in our numerical
experiments:

o Small K: The coordination delay is minimal, leaving a
large Niem- The total cost is dominated by the KNfem
term, as agents must optimize trajectories over a long
remaining planning horizon.

o Medium K: The reduction in N,e,, significantly de-
creases the dimensionality of the projection operations.
Due to the quadratic dependence on Ny, this horizon-
shrinking effect outweighs the linear growth in K, result-
ing in an overall reduction in latency.

o Large K: As Nyon, reaches alower bound (or a minimum
required horizon), the K2N,.,, interaction term becomes
dominant, leading to an increase in total computational
cost.

IV. NUMERICAL SIMULATIONS

A. SIMULATION SETUP

Numerical simulations are conducted to validate the effective-
ness of the proposed agent-wise CCP-PSM algorithm under
the receding-horizon coordination framework described in
Section ITI-C. The evaluation is structured to demonstrate not
only the basic avoidance capability but also the scalability and
robustness required for real-time multi-agent systems. The
specific configurations for the scenarios, baseline methods,
and implementation details are as follows:
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1) Scenario Descriptions:

Two distinct scenarios are designed to test different aspects
of the algorithm under the aforementioned framework:

o Circle Swap Scenario:
K agents are equidistantly placed on a circle with a
radius of 50 m and tasked with moving to their respective
antipodal points. This scenario is a representative bench-
mark for evaluating the algorithm’s ability to resolve
highly symmetrical conflicts at a single central junction,
where the risk of livelock or deadlock is highest.

o Dense Crossing Scenario:
To evaluate the algorithm across a broad range of en-
counter geometries, K agents are assigned random start
and target locations within a confined square area. To
avoid initial separation violations, the start and target
positions are randomly sampled from a grid with inter-
vals of dgaety. This scenario serves as a Monte Carlo
benchmark to assess how the algorithm handles com-
plex and unstructured interaction patterns that arise in
increasingly congested environments.

2) Baseline Algorithms:
For a comprehensive evaluation, the following two methods
are implemented as baselines, representing the reactive and
optimization-based paradigms, respectively:
e ORCA:

The Optimal Reciprocal Collision Avoidance (ORCA)

framework is adopted as a reactive baseline. At each time

step, a preferred velocity vt(’kgref is defined for each agent
k toward its goal pg;)s, incorporating a rotation matrix
R(6) for symmetry breaking:

‘ ity %l
vt(.,ltzrcf:R(e) L min Vmax; :’go

k
P&l

where p,(f(g)o = pg;)s — p,(k) and 7 denotes the collision-

avoidance time horizon. Pairwise collision avoidance is
enforced through linear half-plane constraints. For each
pair (k, 1), we impose:
T ORCA
my, (V=g o) >0
Here, uy , is the minimum velocity adjustment to reach
the boundary of the relative velocity obstacle, and
VgRoA = MO 0.5uy, ensures reciprocal adaptation.
Unlike solver-based optimization, the feasible velocity

v,(k*) is selected from a discrete candidate set Ct(k). This

set includes (i) vt()kgref, (ii) its projections onto ORCA
line boundaries, and (iii) all relevant intersections among
constraints and the speed limit ||v|| = Vyax. The final
control input is derived via ut) = (v,(k*) - vt(k)) /At

e Centralized SCP:
Sequential Convex Programming (SCP) is adopted as
the optimization-based baseline because it is a standard
approach for handling non-convex collision avoidance

VOLUME 11, 2023
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by iteratively solving convex subproblems. In this study,
SCP solves for all agents’ trajectories in a single cen-
tralized framework, providing a performance reference.
The non-convex safety constraint (1f) is linearized using
a first-order Taylor approximation around the reference
trajectory (ﬁfk), ﬁ,(l)) from the previous iteration. The
resulting convex subproblem at each iteration i is for-

mulated as:
T—1 K
minimize Z Z ||u,(k)H2
=0 k=1 o
i ) —(k
+wi Y3 llp = B2

t=0 k=1

60

Q Start
X End

40

20 1

y [m]
o

—20 4

subject to pt(i)l = p,(k) + Atvt(k),

(k)

—40

Vi = vt(k) + Atut(k),

Py =phde ) = vk
Py =pie =i

-60 .
-40

=20

0
x [m]

2 — )T (pM — py
> d2s + 100 = P12, VA K.

safety

To ensure the validity of the linearization and facilitate
stable convergence, a trust-region term is incorporated
into the objective function. The trust-region weight wl[ﬁ]
is halved at each successive SCP iteration, progressively
relaxing the penalty on deviations from the reference
trajectory as the solution converges. The algorithm ter-
minates when the ¢5-norm of the state changes falls
below a predefined threshold.

3) Implementation Details:

All simulations are implemented in Python 3.11 and exe-
cuted on a desktop system equipped with an Intel Core i5
processor and 32 GB DDR4 RAM. For all experiments, a
fully connected communication topology is assumed, where
each agent has instantaneous access to the states of all other
agents at each time step. The key simulation parameters,
including the solver settings and algorithm-specific constants,
are summarized in Table 1.

B. COMPARATIVE PERFORMANCE ANALYSIS

1) Deterministic Analysis: Circle Swap Scenario

Figs. 3 and 4 illustrate the collision avoidance results of the
baseline algorithms for K = 5. The circle swap scenario
presents a significant challenge due to its highly symmetric
geometry, where all agents’ intended paths intersect at a
single central point, often leading to numerical instability or
deadlocks.

As shown in Fig. 3, the reactive ORCA framework suc-
cessfully resolves the conflict but exhibits relatively conser-
vative detours. While ORCA is computationally efficient,
its lack of future trajectory prediction results in less-than-
optimal paths in such complex symmetric settings. On the
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FIGURE 3. ORCA, Circle swap, K = 5.

TABLE 1. Simulation parameters.

Parameter Value Unit
Horizon length, T 100 -
Time step, At 0.2 S
Safe distance, dsafety 10 m
Penalty weight, A 0.9 -
Initial PSM stepsize, ag 0.5 -
Maximum CCP iterations, Nccp 10 -
Maximum PSM iterations, Npsn 10 -
ORCA time horizon, 7 2.5 S
ORCA speed limit, vmax 10 m/s
ORCA bias angle, 6 15.0 deg
SCP solver ECOS -
Maximum SCP iterations 30 -
Initial trust-region weight, wl[ro ! 1.0 -
SCP tolerance 0.1 -




IEEE Access

Park, Lee and Kim: Sequential Distributed Optimization for Cooperative Collision Avoidance via Agent-Wise CCP-PSM

60

QO Start
X End

40

20 1

y [m]
o

—20 4

—40

-60 T T T T T
-40 =20 0 20 40

x[m]

(a) Trajectories.

100

=== dsafety

80 1

Relative distance [m]

0.0 25 5.0 7.5 10.0 125 15.0 17.5 20.0
Time [s]

(b) Relative distance.

FIGURE 4. Centralized SCP, Circle swap, K = 5.

other hand, the centralized SCP (Fig. 4) generates the most
efficient trajectories by considering the entire system’s state
simultaneously. However, this optimality comes at the cost
of high computational demand; the centralized SCP requires
an average of 26.861 s to complete 20 iterations for a single
optimization instance.

Fig. 5 presents the performance of the proposed receding-
horizon CCP-PSM. A distinctive feature in Fig. 5(a) is the
inclusion of intermediate solutions, depicted as faint lines,
which represent the predicted trajectories generated at each
receding-horizon step. This visualization demonstrates the
active re-planning process where agents dynamically refine
their future paths based on updated information from others.

While the proposed method effectively resolves the sym-
metric conflict, its resulting trajectories exhibit distinct pat-
terns compared to the centralized SCP. This divergence stems
from the sequential coordination process inherent in the dis-
tributed Gauss—Seidel update, where agents adapt their paths
based on the most recently shared information from others.

10
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(b) Relative distance.

FIGURE 5. CCP-PSM, Circle swap, K = 5.

Despite these differences in path geometry, the proposed
method maintains the prescribed minimum separation in this
case. As depicted in the relative distance plots (Fig. 5(b)),
multiple agent pairs strictly maintain the safety boundary,
demonstrating that the algorithm utilizes the available feasi-
ble space as efficiently as a centralized solver.

The quantitative comparison is summarized in Table 2. To
ensure a fair comparison, the computation time for ORCA
and CCP-PSM is measured as the total execution time, while
for SCP, it represents the total time required for 20 iterations.
The results are organized to highlight the trade-offs between
optimality and efficiency. Notably, CCP-PSM achieves a
control cost (487.67) that is significantly lower than that of
ORCA (13161.05) and maintains the prescribed minimum-
separation boundary in this case (dyin = 10.00 m), matching
the SCP result. The strikingly high control cost of ORCA is
primarily attributed to its reactive nature; the conversion of
its velocity-derived outputs into acceleration inputs for the
double-integrator dynamics leads to impulsive control signals

VOLUME 11, 2023
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FIGURE 6. ORCA, Circle swap, K =7.

and high-frequency oscillations in dense environments. Con-
versely, SCP and CCP-PSM proactively plan energy-efficient
trajectories by directly incorporating control effort into their
optimization processes. Furthermore, the proposed method
demonstrates superior real-time feasibility by completing the
entire re-planning process in a fraction of the time required
by the centralized SCP.

As the number of agents increases to K = 7, the
performance gap between the algorithms becomes more

TABLE 2. Quantitative performance comparison (K = 5).

Metric ORCA SCP CCP-PSM
Total control cost 13161.05 418.42 487.67
Min. distance (m) 11.57 10.00 10.00
Avg. CPU time (s) 0.090 26.861 1.100
CPU time std. dev. 0.002 0.111 0.008
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FIGURE 7. CCP-PSM, Circle swap, K = 7.

pronounced, particularly in terms of solver feasibility and
minimum-separation performance. A critical finding in this
scenario is the total failure of the centralized SCP solver.
Specifically, the SCP solver fails at the initial iteration, as it
is unable to find even an initial feasible trajectory that satis-
fies the coupled non-convex safety constraints. This failure
is primarily driven by the extreme geometric symmetry of
the circle swap, where the linearized safety constraints for
all agent pairs become simultaneously active at the central
junction. This indicates that as agent density and symmetry
increase, the feasible search space for a centralized frame-
work shrinks to the point of numerical intractability, render-
ing standard optimization-based approaches inapplicable for
such complex coordination tasks.

In contrast, the proposed CCP-PSM and the reactive ORCA
framework continue to provide collision-avoidance solutions,
as illustrated in Fig. 6 and 7. However, the quality of avoid-
ance maneuvers differs significantly. The trajectories gener-
ated by ORCA, while computationally fast, exhibit increased

11
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instability in this highly congested symmetric setup. Most
notably, as summarized in Table 3, ORCA fails to main-
tain the required safety distance, with the minimum relative
distance dropping to 8.86 m (< dsatety). This violation oc-
curs because the reactive velocity-obstacle approach, with
the fixed parameters used in this study, struggles to resolve
dense, multi-way conflicts where the feasible velocity space
becomes extremely restricted.

The proposed CCP-PSM, integrated with the receding-
horizon framework, demonstrates improved robustness in
terms of minimum separation and control effort compared
with ORCA. Despite the lack of a centralized coordinator,
CCP-PSM resolves the K = 7 conflict while keeping the
minimum distance at 9.70 m. While a minor deviation from
the strict dsafety = 10 mis observed due to the limited number
of iterations for real-time feasibility, it substantially reduces
the minimum-separation violation compared with ORCA.
Furthermore, the control cost of CCP-PSM (780.77) is orders
of magnitude lower than that of ORCA (19613.29), indicating
that the proposed method finds far more efficient avoidance
paths even in environments where traditional optimization-
based solvers fail to initiate. These results indicate that the
agent-wise decomposition of CCP-PSM provides a practical
compromise between the low latency of reactive methods and
the trajectory efficiency of centralized solvers.

2) Statistical Analysis: Dense Crossing Scenario

To evaluate the statistical performance and scalability of
the proposed CCP-PSM framework, 100 Monte Carlo sim-
ulations were conducted for each configuration. The agents
were assigned to random start and goal locations within
square domains of 30 x 30, 40 x 40, and 50 x 50 m? for
K = 5,10, and 15, respectively. These settings correspond to
theoretical spatial saturation levels of approximately 43.6%,
49.1%, and 58.9%, representing increasingly congested envi-
ronments.

The cumulative distribution function (CDF) of the min-
imum relative distance in Fig. 8 provides insight into
the minimum-separation performance of each method. For
a planner that strictly satisfies the prescribed minimum-
separation requirement, the CDF would ideally remain zero
below dgafety = 10 m and increase rapidly near that thresh-
old. ORCA exhibits poor minimum-separation performance
across all tested scenarios, with the minimum distance fre-
quently falling below the safety threshold. While its reactive
nature and dynamics mismatch contribute to this degradation

TABLE 3. Quantitative performance comparison (K = 7).

Metric ORCA CCP-PSM
Total control cost 19613.29 780.77
Min. distance (m) 8.86 9.70
Avg. CPU time (s) 0.217 1.172
CPU time std. dev. 0.001 0.006

g
=}
L

o
[
L

Cumulative probability
o
()]
L

0.4 4 K=5
K=10
0.2 1 — K=15
=== dsafety
0.0 T T T T T T
0 2 4 6 8 10 12 14
Minimum distance [m]
(a) ORCA.
T
1.01
Z
3 0.8
©
S
S 0.6
[
=
5 0.4 K=5
3 =t
2 K=10
3 0.21 — K=15
=== safety
0.0 T T u T T T
0 2 4 6 8 10 12 14
Minimum distance [m]
(b) SCP.
T
1.0 !
> ]
= ]
Z 0.8 i
©
2 |
5 0.6 !
P 1
2 i
B 0.4 | K=5
3 [} al
2 ! k=10
3 0.2 ! — k=15
! —== dsarety
0.0 T T T T ! T T
0 2 4 6 8 10 12 14

Minimum distance [m]
(c) CCP-PSM.

FIGURE 8. Minimum distance cumulative probability.

as discussed in the previous section, the primary cause in this
statistical evaluation is the sensitivity to parameter tuning.
The ORCA parameters, which were calibrated to resolve the
structured conflicts in the circle swap scenario, proved to be
ill-suited for the unstructured and stochastic interactions of
the dense crossing scenario. This highlights a critical practical
limitation of reactive baselines, as they require meticulous,
case-specific re-tuning to maintain minimum-separation per-
formance whenever the encounter geometry changes.
Centralized SCP shows a near-ideal CDF shape, reflecting
its superior ability to jointly optimize all trajectories. Unlike
the circle swap scenario, SCP maintains feasibility for K =
10 in random encounters due to the broken geometric symme-
try, which reduces the likelihood of simultaneous activation
of conflicting constraints. However, its main limitation lies in
computational scalability. As the number of agents increases,
the centralized optimization problem becomes increasingly
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FIGURE 9. Control cost vs. Computation time trade-off.

expensive to solve, resulting in a rapid growth of computation
time. This makes SCP less suitable for real-time applications
in dense multi-agent systems, despite its strong optimality
performance.

To ensure mission continuity in such congested environ-
ments, the proposed CCP-PSM adopts a soft penalty ap-
proach. This design choice provides numerical robustness by
allowing the algorithm to generate a "best-effort" solution
rather than terminating, even when the prescribed minimum-
separation requirement is difficult to satisfy. Under this
framework, CCP-PSM achieves near-zero mean minimum-
separation violation for K = 5, indicating that the observed
violations are negligible in magnitude. While separation vio-
lations are observed at K = 10 and become more pronounced
at K = 15, these occur in highly congested scenarios where
the feasible maneuvering space becomes physically limited
by agent density. The observed violations do not lead to

TABLE 4. Minimum-separation violation statistics in dense crossing
scenarios.

Algorithm K d;, (m) Violation Rate (%) Mean Violation (m)

5 2.35 100.0 7.65
ORCA 10 1.20 100.0 8.80
15 0.77 100.0 9.23
5 10.00 0.0 0.00
SCP” 10 10.00 0.0 0.00
15 10.00 0.0 0.00
5 10.00 40.0 0.002
CCP-PSM 10 9.34 90.0 0.66
15 6.06 100.0 3.94

"SCP statistics use successful solver runs only.
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numerical divergence or loss of trajectory coherence, but the
K = 15 case also reveals the limitation of the soft-penalty for-
mulation under extreme density. Nevertheless, the proposed
method maintains solution availability and generates dynam-
ically feasible control trajectories across all tested scenarios,
without requiring scenario-specific parameter tuning.

To explicitly quantify constraint violations, Table 4 reports
minimum-separation violation statistics. The violation rate
is defined as the percentage of Monte Carlo trials in which
dmin < dsafety, and the mean violation is computed as the av-
erage of max(0, dsafety —dmin) Over all trials. A small numer-
ical tolerance is used when evaluating violations near dgafety
to avoid counting solver-level round-off errors. Because the
agents are modeled as point masses with a prescribed separa-
tion requirement rather than finite-size rigid bodies, we report
minimum-separation violation statistics instead of a separate
physical collision rate.
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Fig. 9 illustrates the trade-off between computational la-
tency and control effort, where the algorithms form distinct
clusters. ORCA occupies the top-left region, indicating low
computational cost but extremely high control effort due to its
reactive and jittery maneuvers. SCP is located in the bottom-
right, achieving the lowest control cost at the expense of
prohibitive computational time. CCP-PSM forms a cluster in
the bottom-left, demonstrating that it can generate trajectories
with efficiency comparable to SCP while maintaining a com-
putational latency close to that of the reactive ORCA. This po-
sitioning indicates that CCP-PSM provides a favorable trade-
off for real-time applications where both trajectory efficiency
and computational latency are important.

The computational efficiency highlighted in the Pareto
analysis is further substantiated by the detailed statistical data
in Table 5 and the latency distributions in Fig. 10. While
centralized SCP suffers from a rapid escalation in latency
as the system scales, the proposed CCP-PSM maintains a
remarkably stable and low computational overhead.

Specifically, CCP-PSM exhibits a unique non-monotonic
trend where the average computation time slightly decreases
as K increases from 5 to 10, before rising again at K = 15.
This behavior is a direct empirical validation of the structural
trade-off theoretically derived in Section III-D. According
to the complexity O(K2Nyem + KN2,,), the computational
burden is highly sensitive to the horizon length due to its
quadratic dependency. In our framework, an increase in K in-
duces a longer coordination delay, which effectively reduces
the remaining optimization horizon N,¢y, for each agent.

For the transition from K = 5 to K = 10, this horizon-
shrinking effect dominates the scaling behavior; the reduction
in the KN2,, term (projection cost) outweighs the linear
growth in K, resulting in a net computational speedup. How-
ever, as K reaches 15, the quadratic growth of the interaction
term K 2N,em begins to surpass the benefits of a shorter hori-
zon. Despite this variation, the absolute latency of CCP-PSM
remains consistently low with a narrow distribution and min-
imal outliers, as shown in Fig. 10(c). This high predictability
supports the real-time computational reliability of CCP-PSM
in dense environments.

TABLE 5. Computational performance comparison (Dense Crossing
scenarios).

Algorithm K  Avg.CPU(s) Max. CPU (s) Std. Dev.
5 0.099 0.104 0.001
ORCA 10 0.629 0.659 0.012
15 1.898 1.997 0.042
5 23.217 35.241 4.339
SCP* 10 144.352 172.196 21.039
15 582.124 648.965 52.599
5 1.071 1.097 0.007
CCP-PSM 10 1.001 1.043 0.010
15 1.200 1.223 0.008

*Excluding instances where the solver failed to find an initial feasible solution.
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FIGURE 11. Numerical convergence, K =3, m=0,k =2.

C. NUMERICAL ASSESSMENT OF CONVERGENCE
BEHAVIOR

A formal convergence proof for the coupled CCP-PSM-
Gauss—Seidel scheme is analytically challenging due to the
inherent nonconvexity of collision constraints, finite inner
PSM iterations, and the sequential nature of decentralized
updates. Instead, we provide a systematic numerical assess-
ment to demonstrate the convergence characteristics of the
proposed solver. For this evaluation, a representative circle-
swap scenario with K = 3 is selected as a benchmark. This
configuration allows us to examine the local numerical behav-
ior without the additional effects of severe spatial saturation
that occur in higher-density scenarios.

We specifically focus on the third agent (k = 2) during
the initial coordination cycle (m = 0). Since the sequential
update follows the Gauss—Seidel manner, the optimization for
k = 2 is performed after incorporating the updated trajectory
intents of all preceding agents. Thus, this case provides a
representative example of how the local solver behaves after
receiving the most recently updated trajectories under a high-
conflict configuration.

As illustrated in Fig. 11(a), the penalty-augmented ob-
jective function exhibits a consistent downward trend over
the cumulative iterations. While transient fluctuations are
observed within the proximal subproblem (PSM) steps, re-
flecting the trade-off between the soft penalty and the control
effort, the nested CCP—PSM iterations stabilize numerically.

The feasibility recovery is further examined through the
minimum separation distance in Fig. 11(b). Despite the ini-
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tial guess violating the minimum-separation requirement, the
distance progressively increases and stabilizes near the pre-
scribed threshold. This indicates that the soft-penalty formu-
lation reduces minimum-separation violations in a best-effort
manner and allows the optimization process to continue from
an initially conflicting trajectory. These results support the
numerical stability of the local CCP-PSM solver in the tested
scenario, while the convergence of the complete distributed
receding-horizon framework remains an empirical property
rather than a formal guarantee.

D. SCALABILITY ANALYSIS

To validate the scalability characteristics of the proposed
CCP-PSM framework, we empirically analyze the computa-
tional complexity with respect to both the number of agents K
and the remaining prediction horizon length N,.y,. While the
theoretical analysis in Section III-D establishes a composite
complexity of 7 = O(K?Nyem + KNZ2,,), the actual runtime
behavior is influenced by the receding-horizon coordination
mechanism, in which N, is dynamically coupled with the
sequential update schedule.

All reported computational times correspond to the execu-
tion time of the agent-wise local subproblem solver, which
includes both CCP and PSM iterations. To ensure statistical
reliability, each configuration is evaluated over 10 indepen-
dent trials with randomized initialization, and the results are
averaged.

Fig. 12 illustrates the relationship between computational
time and N, for different values of K. Across all configura-
tions, the runtime exhibits a consistent quadratic dependence
on Nyen, confirming that projection onto the affine constraint
manifold dominates the computational cost. The fitted curves
closely match the empirical measurements, demonstrating
strong consistency with the theoretical O(KNZ2, ) term.

In contrast, Fig. 13 presents the runtime variation with
respect to K for fixed representative snapshots of Nyep. It is
important to note that this plot corresponds to a slice of the full
two-dimensional complexity surface, rather than an isolated
dependency on K. As a result, the observed curvature does
not directly reflect a monotonic scaling law in K, but instead
arises from the coupling between K and N, embedded in
the receding-horizon coordination structure.

Specifically, the effective horizon available for each agent
is indirectly influenced by the coordination delay induced
by increasing K, leading to a reduction in N, in practice.
Since the dominant computational term scales quadratically
with Nye, this coupling introduces a nonlinear distortion in
the projected K-axis response. Consequently, the apparent
non-monotonic trend in Fig. 13 should be interpreted as a
projection effect of the joint complexity surface, rather than a
direct computational speedup with increasing K .

To further quantify the runtime structure, we perform non-
linear regression using the following global model:

T = C1K2Nrem + CQKercm +cs3, (17)
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where c1, c2, and c3 represent the interaction cost, projection
cost, and fixed overhead, respectively.

The model achieves a coefficient of determination R? =
0.9088, indicating strong agreement between the proposed
complexity structure and empirical observations. The pro-
jection term (c3) is identified as the dominant contributor
to computational cost. The negative value of c¢; is attributed
to multicollinearity between the regression features under
strongly coupled sampling of (K, Nycpm ); therefore, the fitted
coefficients should be interpreted primarily as an empirical
regression model rather than as independent physical cost
components.

Overall, the empirical results support the proposed com-
plexity model as a useful characterization of the observed
scalability trend. The runtime behavior should be interpreted
as an emergent property of the coupled (K, Nyep, ) dynamics,
confirming that the proposed method remains computation-
ally tractable in large-scale multi-agent settings.

TABLE 6. Fitted complexity model and goodness-of-fit analysis.

Component Value
Interaction coefficient ¢1 (K?Nrew) —1.14 x 107¢
Projection coefficient c (KN2.) 3.50 x 1077
Fixed overhead c3 6.84 x 1073
R? 0.9088
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E. SENSITIVITY ANALYSIS

To evaluate the influence of key design parameters, we con-
ducted a sensitivity analysis using 100 Monte Carlo sim-
ulations for each parameter configuration. The simulations
were performed under the K = 10 dense crossing scenario,
with the remaining parameters fixed as listed in Table 1. The
analysis focuses on the mission horizon 7 and the penalty
weight A, which directly affect temporal flexibility, control ef-
fort, and enforcement of the prescribed minimum-separation
requirement. The statistical results are summarized in Table 7.

1) Impact of Horizon Length T

The mission horizon T determines the available tempo-
ral window for resolving inter-agent conflicts, as shown in
Fig. 14. As T increases, agents are provided with greater flex-
ibility to resolve conflicts in a smoother and more anticipatory
manner. This generally improves minimum-separation per-
formance, reflected in higher minimum separation distances,
and reduces control effort by avoiding impulsive, last-minute
maneuvers. For example, the mean violation decreases from
6. 711 mat T = 50 to 0.152 m at T = 150, showing that
longer horizons improve minimum-separation performance
in the tested dense scenario.

In contrast, shorter horizons (T < 75) restrict the available
maneuvering time, leading to more aggressive responses and
greater sensitivity to initial configurations. As T increases
beyond a moderate range (T > 125), the improvement
becomes less pronounced, indicating that the benefit of ad-
ditional prediction horizon saturates once sufficient temporal
flexibility is available for conflict resolution.

These results suggest that 7' should be selected large
enough to provide sufficient coordination time, but exces-
sively long horizons may provide diminishing returns while
increasing computational burden.

2) Impact of Penalty Weight A

The penalty weight A controls the trade-off between con-
trol effort minimization and enforcement of the prescribed
minimum-separation requirement in the soft-penalty formu-
lation. As shown in Fig. 15, smaller values of A\ reduce the
emphasis on separation enforcement, which can lead to larger

TABLE 7. Sensitivity analysis of minimum-separation performance.

Param. Value d,,;, (m) Violation Rate (%) Mean Violation (m)

50 3.289 100.0 6.711
75 7.832 98.0 2.168
T 100 9.039 92.0 0.961
125 9.724 71.0 0.276
150 9.848 76.0 0.152
0.50  7.788 100.0 2.212
0.70  8.641 100.0 1.359
A 090  9.343 93.0 0.657
095  9.367 74.0 0.633
0.99  9.567 50.0 0.433
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variability in the minimum separation distance and larger
minimum-separation violations. In contrast, larger values of
A place greater weight on reducing separation violations
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FIGURE 16. Trajectory example under packet loss conditions,
Ploss =0.1,0.2.

and generally produce more conservative avoidance behavior,
while increasing control effort. This trend is reflected in
Table 7, where the mean violation decreases from 2.212 m
at A = 0.50 to 0.433 m at A = 0.99.

Overall, X serves as a key design parameter that controls
the trade-off among control efficiency, minimum-separation
enforcement, and trajectory conservativeness. The results in-
dicate that A\ should be interpreted as a practical tuning pa-
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rameter rather than a closed-form optimal quantity. For dense
scenarios, larger values of A\ are generally preferable when
violation reduction is prioritized, whereas smaller values may
be used when control efficiency is more important and small
separation violations are acceptable. A systematic selection
rule based on agent density, desired separation requirement,
and interaction intensity remains an important direction for
future work.
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3) Discussion on Feasibility and Structural Limitations

The results in Table 7 indicate that the proposed CCP-PSM
framework may exhibit minimum-separation violations in
highly dense configurations, even when dynamically feasible
trajectories continue to be generated.

This behavior should be interpreted in terms of the struc-
tural differences between centralized and distributed opti-
mization. Centralized approaches such as SCP enforce global
consistency within a single optimization problem, enabling
strict adherence to coupled separation constraints upon con-
vergence, provided that a feasible solution can be found.

In contrast, the proposed CCP-PSM framework relies on
an agent-wise sequential update structure combined with soft
penalty relaxation. While this helps maintain numerical ro-
bustness and solution availability in challenging scenarios, it
may introduce local inconsistency during intermediate coor-
dination steps. Specifically, each agent solves a locally ap-
proximated subproblem based on partially updated trajecto-
ries of other agents, which may temporarily reduce separation
enforcement in highly dense interaction regions.

As a result, separation violations in extreme cases reflect a
trade-off between distributed real-time feasibility and strict
satisfaction of the global separation requirement. The ob-
served violations do not lead to numerical divergence or loss
of trajectory coherence, but they indicate that the soft-penalty
formulation alone should not be interpreted as a strict safety
guarantee.

Therefore, for strictly safety-critical applications such as
UAV systems, additional safety layers such as barrier func-
tions or hard-constraint filters would be required to enforce
strict separation guarantees.

F. ROBUSTNESS UNDER COMMUNICATION PACKET LOSS
To evaluate the robustness of the proposed CCP-PSM algo-
rithm, we conducted 100 Monte Carlo simulations for each
case under the K = 5 circle swap scenario. Packet loss was
modeled as an independent Bernoulli trial with a probability
Ploss € {0.1,...,0.5} per communication event. In instances
of packet loss, agents utilize the previously computed plans
stored in their local buffers to predict the trajectories of others.
This effectively introduces a bounded delay in the communi-
cation loop, allowing the sequential Gauss—Seidel update to
proceed without interruption.

Figures 16 and 17 illustrate the resulting trajectory exam-
ples under increasing pjoss, While the quantitative performance
metrics are summarized in Table 8. The results indicate that

TABLE 8. Minimum separation distance and control effort under packet
loss.

Packet Loss Rate 0.1 0.2 0.3 0.4 0.5

Avg. Min Dist (m)  9.93 9.95 9.91 9.86 9.89
Std. Min Dist 0.14 0.11 0.16 0.39 0.40

Avg. Control Cost  496.76  504.54 515.50 529.99 535.14
Std. Control Cost 1735 2221 30.57 4030  48.57

the algorithm largely preserves minimum-separation perfor-
mance despite communication degradation. The average min-
imum separation distance dy,, remained close to the pre-
scribed separation requirement dgrey = 10 m, with a value
of 9.89 m even at pjoss = 0.5.

Although a slight reduction in the minimum separation dis-
tance is observed, the deviation remains small, suggesting that
the use of previously computed buffered trajectories provides
robustness against communication uncertainty. However, a
control effort increase is observed as pjoss rises, reflecting
additional corrective actions required under outdated infor-
mation. Overall, the proposed framework maintains solution
availability and dynamically feasible trajectories even under
significant packet loss.

V. CONCLUSION

This paper presents Agent-wise CCP-PSM, a distributed
optimization-based collision avoidance algorithm designed
for real-time trajectory generation in high-density multi-agent
environments. By linearizing non-convex collision avoidance
constraints through the Convex-Concave Procedure (CCP)
and employing a Projected Subgradient Method (PSM), the
framework enables each agent to solve its local subproblem
efficiently within a receding-horizon structure.

The primary contributions of the proposed algorithm lie
in its structural decomposition and numerical robustness. By
adopting a sequential agent-wise update scheme that opti-
mizes local control variables independently, the framework
avoids the dimensional explosion inherent in fully central-
ized formulations. The introduction of a rectifier-based soft
penalty improves solution availability, enabling continued
trajectory generation even in congested scenarios where tra-
ditional hard-constrained methods frequently encounter nu-
merical infeasibility. This formulation provides a controllable
trade-off, allowing the system to balance control efficiency
and enforcement of the prescribed minimum-separation re-
quirement.

Simulation results demonstrate that the proposed method
maintains solution availability and real-time computational
feasibility across the tested scenarios. Extensive evaluations
confirmed that CCP-PSM achieves a favorable balance be-
tween the high optimality of centralized solvers and the low
computational latency of reactive baselines. The scalability
analysis further revealed that the coupling between coordi-
nation latency and the shrinking-horizon property effectively
regulates the computational burden as the system scales, as
supported by both theoretical complexity analysis and empir-
ical results. In addition, sensitivity analyses indicate that the
horizon length and penalty weight affect minimum-separation
performance, control effort, and trajectory conservativeness,
confirming their role as practical tuning parameters. The
framework also demonstrated resilience to communication
uncertainties, maintaining minimum-separation performance
in most cases by leveraging previously computed buffered
trajectories even under degraded communication conditions.

While the present study validates the effectiveness of
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the approach through numerical simulations, the achieved
computational efficiency and predictable runtime behavior
make the method suitable for implementation on resource-
constrained embedded platforms. Future work will focus on
conducting a formal game-theoretic analysis to theoretically
investigate the stability and properties of the Nash equilib-
rium within the sequential coordination scheme. Additionally,
we plan to perform high-fidelity Processor-in-the-Loop Sim-
ulations (PILS) and real-time experimental validation using
multiple UAV systems to further assess field applicability in
unstructured and dynamic environments.
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