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Abstract— We propose a differentiable programming-based
control allocation framework for a single-chamber solid-
propellant Divert and Attitude Control System. The method
explicitly captures the nonlinear coupling between chamber pres-
sure, nozzle throat areas, and thrust using physics-based differen-
tiable models. Desired force and torque commands are mapped
to actuator inputs via a constrained Levenberg-Marquardt
optimization, where physical bounds are enforced through prox-
imal projection, and gradients are computed using automatic
differentiation. Closed-loop six-degree-of-freedom simulations
indicate that the proposed framework is computationally efficient
and tractable for onboard implementation and achieves precise
attitude stabilization and minimal miss distance even under
strong nonlinear coupling.

I. INTRODUCTION

The rapid advancement of long-range ballistic missiles
has heightened the strategic importance of missile defense
systems [1]. Missile defense engagements are typically
categorized into boost, midcourse, and terminal phases,
with exo-atmospheric midcourse interception serving as a
cornerstone of multi-layered defense architectures. In this
near-space environment, aerodynamic control is negligible,
necessitating an autonomous kill vehicle (KV) that operates
independently after separation from a booster. The KV utilizes
a hit-to-kill concept, relying on direct kinetic impact to ensure
target neutralization. This approach has become the industry
standard due to its superior lethality against submunitions and
higher mass efficiency compared to fragmentation warheads,
which require complex fuzing mechanisms and impose
significant weight penalties [2].

To achieve high-precision interception without aerodynamic
control authority, the KV relies on a Divert and Attitude
Control System (DACS) during the terminal homing phase [3].
The DACS executes two primary functions: (i) divert control
to track lateral acceleration commands derived from a
guidance law (e.g., proportional navigation), steering the KV
toward the target [4]; and (ii) attitude control to generate
angular acceleration for maintaining seeker line-of-sight
(LOS) alignment and tracking accuracy [5].
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Conventional DACS implementations have predominantly
employed liquid-propellant thrusters due to their fine thrust
modulation capability. However, concerns regarding structural
complexity, limited storability, and safety have driven the
adoption of solid-propellant gas generators, offering inherent
simplicity, reliability, and rapid response. A primary limitation
of solid propulsion is the difficulty of thrust regulation,
which has been addressed through pintle-actuated systems that
modulate the nozzle throat area to control chamber pressure
and thrust [6], [7], [8]. In multi-nozzle configurations sharing
a single chamber, however, pintle actuation introduces strong
cross-coupling, as the movement of one pintle alters the
global chamber pressure and consequently affects the thrust
of all other nozzles. Coupled with nonlinear thermofluid
dynamics, this interaction yields a complex nonlinear control
problem [9], motivating the development of an integrated,
differentiable optimization-based framework.

Several studies have addressed the complexity of
continuous-thrust pintle systems, primarily through decoupled
or hierarchical control architectures. Early efforts pioneered
adaptive PI-based pressure regulation integrated with sequen-
tial torque allocation logic [10], or bifurcated the control
task into inner-loop pressure tracking and outer-loop thrust
distribution [11]. To enhance robustness, more integrated
schemes have emerged, such as adaptive sliding-mode control
paired with a nonlinear disturbance observer (NDO) to
concurrently regulate pressure and thrust despite actuator
nonlinearities [12]. Complementing these real-time strategies,
other research has pursued offline optimization to generate
pressure command profiles that minimize propellant consump-
tion by accounting for time-varying vehicle mass [13].

A fundamental limitation of existing real-time strate-
gies [10], [11], [12] is their reliance on problem decomposi-
tion at the expense of holistic optimization. These methods
typically employ sequential schemes—such as pressure regu-
lation followed by torque allocation [10]—or relegate strong
nonlinear cross-channel interactions to external disturbances
to be rejected via observers [12]. Because these approaches
do not explicitly solve the fully coupled allocation problem,
their achievable performance depends on the quality of
the decomposition and associated controller tuning. This
motivates the development of a unified framework capable of
navigating the full nonlinear landscape of the coupled DACS
dynamics.

This study develops a unified differentiable modeling and
optimization framework for a single-chamber solid-propellant
DACS. The nonlinear combustion-chamber dynamics induced
by variable nozzle throat areas are formulated via differen-
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Fig. 1. Single-chamber solid-propellant DACS architecture considered in this
study. All divert and attitude control thrusters share a common combustion
chamber.

tiable programming [14], [15], enabling high-fidelity gradient
computation of pressure and thrust with respect to actuator
states. Leveraging this differentiable model, the control
allocation (CA) task is posed as a nonlinear constrained
optimization problem to determine the optimal throat areas
that satisfy lateral force and attitude torque commands. This
problem is solved using a constrained Levenberg—Marquardt
(LM) algorithm [16], [17], which integrates the coupled
system physics directly into the solver rather than treating
them as external disturbances. The effectiveness of the
proposed framework is demonstrated through six-degree-of-
freedom (6-DoF) closed-loop simulations, with Monte-Carlo
analyses confirming its robustness against initial condition
variations and thrust uncertainties.

II. SYSTEM MODELING

The DACS mounted on the KV comprises a solid-propellant
gas generator, divert and attitude control thrusters, and a
CA module (see Fig. 1). This study considers a single-
chamber configuration in which all thrusters share a common
combustion chamber. The gas generator delivers high-pressure
gas to the thrusters, while the CA module regulates individual
nozzle throat areas to generate the lateral forces and attitude
torques required for guidance and control.

The mass conservation within the combustion chamber is
expressed as:

o d(pVe) |
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where 772, denotes the mass generation rate from propellant
combustion. The variables p. and V, represent the chamber
gas density and free volume, respectively, such that the term
d(p.V.)/dt accounts for the rate of gas accumulation within
the chamber. Finally, r. is the total exhaust mass flow rate.

When the flow is choked at the nozzle throat, the mass
flow rate through the nozzle is given by:
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where A; is the nozzle throat area, P, the chamber pressure,

and R, 7, and T, are the gas constant, specific heat ratio,
and chamber temperature, respectively.

For a solid-propellant gas generator, the mass generation
rate can be written as:

mp = Abf’bpp, (3)

where Ay, 1, and p, are burning surface area, burning rate,
and the propellant density, respectively.

The burning rate is modeled using Saint Robert’s law [18],
which relates the burning rate to the chamber pressure:

Ty = ap P, 4

where ay, is an empirical coefficient depending on the ambient
grain temperature, and n is the pressure exponent [19].
Combining (1)-(4) with the ideal gas law yields the following
chamber pressure dynamics:
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where A;, .., is the sum of all nozzle throat areas, and the
dynamics of the chamber free volume can be expressed as:

n=m+m/m% ©)

which follows from the geometric expansion of the burning
grain via dV./dt = Apr. Equation (5) indicates that the
chamber pressure dynamics depend strongly on the total
nozzle throat area, thus coupling the dynamics of all thrusters
that share the common chamber.

Each thruster i« € {D1,...,D4, A1,...,Ag} produces
thrust F; proportional to the chamber pressure and its
respective throat area A;, [11]:

F’L' = CFiAti,Pm (7)

where CF, is the thrust coefficient defined as:
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where P, and A., denote the exit pressure and exit area
of nozzle i, and P, is the ambient pressure. The first term
represents the momentum-thrust contribution due to isentropic
expansion, whereas the second term represents the pressure-
thrust correction caused by the mismatch between the exit
and ambient pressures.

The configuration of divert and attitude control thrusters
on the KV is illustrated in Fig. 2, and the resulting lateral
forces and torques in the body frame are expressed as [5]:

Fy=—Fp, + Fp, — Fa, — Fa, + Fa, + Fa,,
F,=Fp, —Fp, + Fa, — Fa,,

Tr = —bF4, +bFa, —bF4, + bF4,, ©)]
Tp = aFa, —aFa,,

Ty:aFA2+aFA3—aFA5 —aFAG,
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Fig. 2. KV thruster layout and body-axis definitions.

where (F,,F,) represent the lateral forces in the body
coordinate frame and (7, 7,,7,) denote the corresponding
roll, pitch, and yaw torques. The parameters a, b are the lever
arms of the attitude control thrusters along the body axes.

III. PROBLEM FORMULATION
A. Force and Torque Commands

During the terminal homing phase, the KV’s guidance
and control loops generate lateral acceleration and angular
acceleration commands via proportional navigation (PN) and
a proportional-derivative (PD) attitude controller, respectively.
The attitude controller computes angular acceleration com-
mands, maintaining the strapdown seeker’s LOS alignment
with the target. As the controller aligns the vehicle’s body
z-axis with the LOS vector, a lateral control acceleration
perpendicular to the LOS is produced, implementing a True
Proportional Navigation (TPN) law.

Assuming a North-East-Down (NED) inertial frame, the
three-dimensional TPN guidance is expressed as [20], [21]:

TPN

UNED = NVTM X QTM, (10)

where N is the navigation constant and (27, is the rotation
vector of the LOS, defined as

Qpas = Rry X Ve
| Rras||?

Here, Rrps = R — Ry and Viprpy = Vi — Vs denote
the relative position and velocity vectors between the target
and the interceptor, respectively.

The body-frame acceleration command, ¢y,q, Which incor-
porates both the TPN guidance law and gravity compensation,
is computed by first calculating the total required acceleration
in the NED frame. This is achieved by subtracting the
gravitational acceleration vector g from the TPN command
ufER. This resultant vector is then transformed into the body

frame using the direction cosine matrix C§:

(11)
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Fig. 3. Reference Euler-angle commands for seeker line-of-sight alignment.

Pema

Fig. 4. Second-order PD attitude-control structure used to generate angular-
acceleration commands.

where C is the direction cosine matrix from NED to body
frame, and g is the gravitational acceleration vector in NED
coordinates.

Because the KV cannot generate thrust along its longi-
tudinal (body-x) axis, only the lateral components of this
command vector are utilized. Therefore, the y and z elements
of U¢mg (denoted t¢md,y and Ucmd,.) correspond to the final
commanded lateral accelerations that serve as inputs to the
CA module.

The Euler angle commands that keep the seeker aligned
with the target are computed by decomposing the LOS vector,
as shown in Fig. 3. The Euler angle commands are defined
as [22]:

¢cmd =0,
ecmd :tan_l (_RTM7D/\/R%M,N+R%M,E) s (13)

Yema = tan"' (Rrare/Rravn)
where the roll command angle ¢.p,q is fixed at zero for seeker
stabilization.

The PD attitude controller based on a second-order ref-
erence system (illustrated in Fig. 4) tracks the reference
attitude and computes the commanded angular accelerations
as follows:

(;zécmd = Kj; Sin(¢cmd - ¢) - K%Qi

Ocma = K% sin(fema — 0) — K90,
zZ}cmd = K}ﬁ Sin("/}cmd - ¢) - K;:Z})Q/J
The final commanded lateral forces and torques provided
to the CA module are as follows:

(14)

MUy, cmd Fy,cmd
mu%gcmd Fz,cmd
Yemd = sz(?cmd = | Tr,emd | » (15)
Iyy?cmd Tp,cmd
Izzwcmd Ty,cmd

where m is the vehicle mass, and I,,,1,,,I,, are the
principal moments of inertia.



v
e+ Ac/A

Input (z)

l P,/P, < LUT(e)

v

r N
Cp + Equation (8) < P./P.,¢, P,

Ay + diag(Ay,, )z

F « CpP.A,
¢ - J

Aps < D Ay, l

y < Equation (9) «+ F

Pe « LUT(Ar,.)
| return y

Fig. 5. Computation flow of quasi-steady-state dynamics used for total
force and torque vector computation.

B. Quasi-Steady-State Combustion Chamber Model

To ensure real-time feasibility, a quasi-steady-state model is
derived by assuming P, ~ 0 in (5). Under the assumptions of
choked flow and isentropic expansion, the nozzle expansion
ratio €; = A, /A, is related to the pressure ratio P., /P,
through the following transcendental equation:

1 1 =1
V(a1 P\ [y 1] (P ) 7
AC SN}
(16)
Notably, both the expansion ratio relation in (16) and the re-
sulting quasi-steady-state pressure equation are transcendental,
lacking closed-form analytical solutions for P., /P, and P..
Therefore, we numerically invert these relations to construct
pre-computed lookup tables (LUTSs). Leveraging these LUTs,
the thrust F; for a given normalized throat area vector x
can be efficiently evaluated via (7) and (8). This process
defines a nonlinear mapping y = f(z) that relates actuator
inputs to the total force and torque vector, as illustrated in
Fig. 5. This mapping serves as the fundamental model for
the optimization-based allocation framework presented in the
next section.

IV. CONTROL ALLOCATION VIA DIFFERENTIABLE
CONSTRAINED LM METHOD

To solve the CA problem, this study employs a constrained
LM algorithm, which regularizes the update step within a
trust region and is well matched to the residual least-squares
structure of the allocation problem. Relative to a generic SQP
scheme, the projected LM update provides a simpler per-
iteration procedure under box constraints, which is attractive
for repeated online solution [16]. The optimization problem
is formulated as:

WG (23 2®)|2 + A® [z — 2@

subjectto 0<z <1,

minimize
xT

7)

where §(x;z™®)) is the local linearization of the normalized
control-error g(x) = W, (f(*) — Yema). Here, the weighting
matrix W, performs row scaling to compensate for the large
difference in orders of magnitude between force and torque
commands, while x is adjusted to minimize the tracking error.
Meanwhile, A(*) regulates the update step size to ensure the
validity of the linear approximation.

In (17), the first term minimizes the weighted control-error
to ensure that the generated forces and torques precisely
track Ycma across all control channels. To satisfy the physical
limits of the throat areas, the box constraints 0 < x < 1 are
enforced via proximal projection, which clips the solution to
the feasible region at each iteration.

Since the mapping f(z) involves complex nonlinear
coupling and lacks a closed-form expression, the control-error
g(x) behaves as a nonlinear implicit function, making manual
derivation of its Jacobian Dg(z) impractical. To address this,
we adopt a differentiable programming approach leveraging
the automatic differentiation capabilities of JAX [15]. Unlike
numerical finite-difference methods, JAX enables autodiff-
consistent Jacobian evaluation of the interpolated quasi-steady
model, improving numerical consistency and supporting
efficient online computation.

The overall optimization procedure is summarized in
Algorithm 1. At each discrete time step, the constrained LM
algorithm iteratively solves the subproblem to a maximum
of K iterations, with early termination if both optimality
(eopt) and step-size (egep) convergence criteria are met. To
accelerate convergence, a warm-start strategy is employed
where the initial guess (acgo), /\,EO)) is set to the previous step’s
optimal solution (x¢_1, A\;—1). This leverages the temporal
continuity of the flight trajectory and pressure dynamics, and
empirically leads to minimal iteration counts in the tested
closed-loop simulations. The stationarity of the constrained
problem is verified by the projected gradient gpr.j, defined
as [23]:

0 if 2; =0 and (Dg"g); >0
Jproji = 0 if z; =1 and (DgTg); <0 (18)
(Dg"g); otherwise.

For smooth residual mappings with convex box constraints,
projected LM methods are known to possess strong local
convergence properties under standard regularity assump-
tions [17]; in the present interpolated and nonconvex setting,
this serves as a local justification rather than a global
convergence guarantee.

V. NUMERICAL EXPERIMENTS

A. Monte-Carlo Simulation

To evaluate the robustness of the proposed CA algorithm,
a 500-run Monte-Carlo simulation was conducted within a
closed-loop engagement scenario. The KV and target are
modeled as a 6-DoF rigid body and a 3-DoF point mass,
respectively. In each trial, the nozzle throat areas x obtained
from Algorithm 1 are applied as actuator commands to (7)-(9)
to produce the realized control forces. The simulation parame-
ters are summarized in Table I, Table II, and Table III. Initial
attitude errors, body rate biases, and geometric misalignments
follow a uniform distribution, while the thrust uncertainty AF;
follows a Gaussian distribution. The guidance law utilizes a
navigation constant typical for hypersonic interceptions. For
real-time applicability, the maximum number of LM iterations,
K, is strictly enforced to guarantee a deterministic execution
time.



Algorithm 1: Constrained Levenberg-Marquardt
Method for Control Allocation.

Input:

Yemd // Force, torque commands
Ti_1 // Previous optimal solution
A1 // Previous damping parameter
K // Maximum iteration number
€opt s Estep // Convergence tolerance
Output:

Ty // Updated optimal solution
At // Updated damping parameter
Initialization:

MO e 2® ey, ge — g(a®)

for k< 0to K —1do
// Optimality evaluation:

Jopt < Dyt gi
// Column Scaling:
: —1
W « [diag(Dg} Dgy)]
// LM update step:
Az (DgeW)T (DgiW Dg? + AR ) 1g,
// Projection:
Zelipped ¢ clip(z®) — Azk) 0, 1)

k k
Al‘;r())j +— af ) — ZLclipped

// Convergence check:

Gproj < ProjectedGradient(z*), gopt)
. k

if [l gproilloo < copt and || Ay,
| break

Onew g(wclipped)

| < €step then

// Update solution and damping:
if ”gneWH2 < Hng2 then

x(kJrl) <~ Lclipped
Jk+1 < Gnew
AFHD 0 .8\K)

else
| AT 2,00(k)

return z; < ) A, — A(®)

The proposed framework demonstrates high-bandwidth
potential, with execution times summarized in Table IV. These
results validate the computational tractability of the approach
for real-time applications. Although Python’s inherent over-
head caused occasional peak latencies, the overall statistical
profile—including the TPN-PD loop—confirms the feasibility
of a fully embedded implementation.

The solver’s robustness is evidenced by the iteration history
in Fig. 6. Leveraging temporal continuity, the warm-start
strategy maintains a minimal iteration count (1 or 2) after
the initial transient. Conversely, cold-start scenarios exhibit
higher latency as the solver exhausts its iteration quota without
reaching convergence, highlighting the critical role of warm-

TABLE I
INITIAL CONDITIONS, UNCERTAINTY RANGES, AND SOLVER SETTINGS

Parameter Value Unit Description

|Rras 40 km Relative distance

Vel 4420 m/s Closing speed

A¢o, Aby, Ahg +(10, 20, 30) deg Missile initial attitude error

Apo, Aqo, Arg +(0.5,0.5,0.5) deg/s Missile initial body rate error

Aa +1.5 deg Target position within seeker FOV

Aay, +1.0 deg Closing velocity alignment error

AF; 0.05 (30) - Each thruster force uncertainty

o (1,...,1) — Initial nozzle throat area (normalized)

dt 1x1073 s Simulation timestep

€opt 1x 1075 — LM optimality condition tolerance

Estep 1x 1072 — LM step size tolerance

Ao 1 — Initial LM damping parameter

K 5 — Maximum LM iteration count
TABLE II

MISSILE MASS PROPERTIES, LEVER ARMS, AND
GUIDANCE/CONTROLLER PARAMETERS

Parameter Value Unit Description

mo 80 kg Missile initial mass

TIpw, Iyy, I (1.6, 10.4, 10.4) kg m?  Moments of inertia about body axes
a,b (0.748, 0.084) m Torque lever arms

K% K%, K5 (400, 400, 400)  — PD proportional gain

Kg, KHD7 Kg (28.3,28.3,283) — PD derivative gain

N 4 - Navigation constant (TPN law)

TABLE III
DACS GEOMETRY AND COMBUSTION PARAMETERS

Parameter Value Unit Description
A{,Dv“]nx 1.895 x 10~4 m?2 Maximum divert nozzle throat area
At max 3.159 x 1076 m? Maximum attitude nozzle throat area
R 352 J/(kgK)  Specific gas constant
Te 2500 K Combustion chamber temperature
P, 1 MPa Initial chamber pressure
Vo 0.01 m3 Chamber free volume
Ap 0.047 m? Propellant burning surface area
Pp 1680 kg/m?3 Propellant density
¥ 1.25 - Specific heat ratio
ay 2.912x 1076 — Burn rate coefficient
n 0.6 — Pressure exponent of burn rate
TABLE IV
ONLINE COMPUTATION TIME
Computation Time [ms
Module P Lms]
Mean  Std. dev. Max
Control Allocation (CA) 1.078 0.323 7.476
Guidance and Control (TPN-PD)  0.070 0.002 0911

start initialization. The proposed algorithm stabilizes attitude
and boresight errors within the seeker’s field-of-view (FOV)
in less than 0.5 s (Figs. 7 and 8), ensuring a continuous target
lock. Notably, the miss distance—analytically determined
via the closest point of approach to capture the geometric
minimum—is maintained below 0.013 cm (Fig. 9). These
results demonstrate that the proposed CA achieves the sub-
millimeter precision required for reliable hit-to-kill kinetic
impacts under stochastic uncertainties.
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VI. CONCLUDING REMARKS

This paper presented a differentiable programming-based
constrained LM optimization framework for CA in a single-
chamber solid-propellant DACS. By leveraging Jacobians via
automatic differentiation, the algorithm efficiently computes
optimal nozzle configurations that satisfy physical throat
constraints while minimizing tracking errors. Closed-loop 6-
DoF simulations, including a 500-run Monte-Carlo analysis,
verified that the proposed framework exhibits stable empirical
convergence and robust hit-to-kill performance under stochas-
tic thrust variations, attitude and body-rate perturbations,
and geometric misalignment uncertainties. These results
demonstrate the algorithm’s high-precision control capability
and support the computational tractability of the proposed
framework for onboard implementation.

While this study focuses on a quasi-steady-state approach,
future efforts will integrate full chamber pressure dynamics
directly into the optimization loop and include quantitative
comparisons against representative decoupled strategies [10],
[11], [12] and generic constrained nonlinear solvers such
as SQP. Additional studies on sensitivity to combustion-
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Fig. 8.

Boresight-error history in the Monte-Carlo study.
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Fig. 9. Miss distance histogram in the Monte-Carlo study.

parameter uncertainties, sensor noise, and actuator latencies
will further clarify the achievable real-time performance of
this differentiable optimization framework for next-generation
interceptor systems.
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